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ON THE REGULARITY ISSUES OF A CLASS OF DRIFT-DIFFUSION 
EQUATIONS WITH NONLOCAL DIFFUSION 

CHANGXING MIAO AND LIUTANG XUE 


Abstract. In this paper we address the regularity issues of drift-diffusion equation with nonlocal 
diffusion, where the diffusion operator is in the realm of stable-type Levy operator and the velocity 
field is defined from the considered quantity by some zero-order pseudo-differential operators. Through 
using the method of nonlocal maximum principle in a unified way, we prove the global well-posedness 
result in some slightly supercritical cases, and show the eventual regularity result in the supercritical 
type cases. The time after which the solution is smoothly regular in the supercritical type cases can be 
evaluated appropriately, so that we can prove a type of global result recently obtained by m and also 
show the global regularity of vanishing viscosity solution at some logarithmically supercritical cases. 


1. Introduction 


In this article we consider the Cauchy problem of the following drift-diffusion equation with nonlocal 
diffusion 

dte + u-ve + ce = o, e\t=oix) = eo{x), (i.i) 

where x G (or T'^), d G N+, t G 0 is a scalar-valued quantity understood as density or 
temperature field, and the velocity field u = V{9) is a vector field of defined from 6 by the 
zero-order pseudo-differential operator: 

u{x) ='P{6){x) = a6{x) + p.v. [ S{y) 9{x + y) dy, (1.2) 


with a = (ai,--- ,ad) G M'', and S{x) = G C (M'^ \ {0}; 

composed of C alder on-Zygmund kernels ([36]). The nonlocal diffusion operator C is given by 


£f{x)=p.v.[ (fix)-f{x + y))K{y)dy, 


(1.3) 


where the radially symmetric kernel function K{y) = K{\y\) defined on \ {0} satisfies that there 
exist some a g] 0, 1], d > 0 and cq > 0 (cq may be dependent on a and o below), ci > 1 such that 


^-im{\y\ 


W 


- < K{y) < Cl 
0 < K{y) < 


m{ 


1 - 1 ^ 


\yY 


Cl 


\y\ 


d-\-a ‘ 


VO < \y\ < Co, and 

V|y| > Co, 


(1.4) 

(1.5) 


with m{y) = m{\y\) a radially symmetric function satisfying the following assumptions 

(i) m{\y\) is smooth away from zero, non-decreasing, with m(0) = 0, hm|j^|_^oo m(|y|) = oo; 

(ii) there exists a G [0, a[ such that 

{a-a) , , <m{\y\)<a , , , V|y|>Co^ 


|y| 


\y\ 


( 1 . 6 ) 
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In some cases, the condition (ll.Sp can be replaced by a more general condition 


< Kiy) < 


V|y| > Co. 


(1.7) 


\y\d+a - 

Besides, we also consider the nonlocal operator C defined by (ll.3l) - (ll.6p with “cq = oo”, i.e., the kernel 
^(y) = K{\y\) is given by 


-1 


m[\y\ ") ^ ^ rn\ 

- < K{y) < Cl — 


with Cl > 1 and m{y) = m{\y\) satisfying (i) and 
(ii)’ there exists a constant cr G [0, a[ such that 

m{\y\) 


\yY 


Vy€R‘*\{0}, 


( 1 . 8 ) 


{a - cr) ""^')''^ < m!{\y\) < V|y| > 0. 


(1.9) 


|y| ' \y\ 

The diffusion operator (jl.3p dehned above is in the realm of Levy operator; indeed, according to 
m and Lemma [22] below, we deduce that for a g]0, 1] and a € [0, a[, 

c^'^m(co-') 


which leads to 


|y|a-. 


< ml 






( 1 . 10 ) 


( 1 . 11 ) 


|y|(i+a—(T — |y|(i+a 

and we know that the operator given by ([OP satisfying ( j l.lip and (min{l, [yp}) K{y)dy < C 
corresponds to the infinitesimal generator of the stable-type Levy process (cf. [8l|35]). By taking the 
Fourier transform on C, we get 

'TfiO = Aiom, VC G M'', (1.12) 

where the symbol A{Q is given by the following Levy-Khinchin formula 


^(C) = / 

Jm 




(1 -cos(C'y))iL(y)dy. 


(1.13) 


The diffusion operator L defined by (|1.3D under the kernel conditions (|1.4D - (ll.5p or (II.4p . (II.7p 
contains a large class of multiplier operators £ = m{D) such as 


^ € [a - (T,a]), and £ =(q, e]0,1], ^ > 0, A > 1), 

which we will explain in the subsection 12.11 below. Among them, an important case, which is also 
a particular case of £ under the kernel conditions (iLSP-dLOl). is the fractional Laplacian operator 
|£1|" := (—A )'2 with a g] 0, 1], which has the following representation formula 

\D\ f{x)=Cd,aI>-y- --dy, 1.14) 

with Crf^a > 0 some absolute constant. The operator £ = |£1|“ corresponds to the infinitesimal 
generator of the symmetric stable Levy process, and recently has been intensely studied in many 
theoretical problems. For the drift-diffusion equation (|l.ip - (jl.2l) with £ = \D\°‘, we conventionally call 
the cases a < 1, a = 1 and a > 1 as supercritical, critical and subcritical cases, respectively. 

The drift-diffusion equation (jl.ip - (ll.2p has various physical background from the geophysics, fluid 
dynamics, dislocation theory and other fields. The typical examples are the surface quasi-geostrophic 
equation, the Burgers equation, the Cordoba-Cordoba-Fontelos equation and the incompressible porous 
media equation, and below we will specifically review some noticeable results related to these models. 
For other interesting models expressed as the equation ()l.l[) - (jl.2p . one can also refer to [311221129] etc. 
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The surface quasi-geostrophic (SQG) equation corresponds to the equation (jl.ip with 

d = 2 and u ='IZ'^d = {—TZ2,TZi)9, (1-15) 

where TZi = di\D\~^ ii = 1,2) is the usual Riesz transform. The inviscid model (i.e. T = 0) arises 
from the geostrophic study of the highly rotating fluid (cf. [33]), and partially due to the formal 
analogue with 3D Euler/Navier-Stokes equations (cf. [9]) and its simple form, the SQG equation has 
received much attention. For the SQG equation with fractional operator C = |D|", the subcritical 
case (i.e. a g] 1,2]) has been known for a while that it is globally well-posed for suitably regular 
data (e.g. my, while for the subtle critical case (i.e. a = 1), the issue of global regularity was 
independently settled by |2H] and |1|. Kiselev et al in |2H] developed an original method called the 
“nonlocal maximum principle”; and Gaffarelli et al in [3| exploited the De Giorgi’s iteration method. 
For other quite different proofs resolving the critical problem, one can refer to [26] which uses the 
duality method, and mm which apply the “nonlinear maximum principle” method. However, the 
global regularity issue in the supercritical case remains to be an outstanding open problem. So far, 
for the SQG equation with supercritical diffusion (i.e. a €]0,1[), we only know some partial results: 
the local well-posedness result for large data and global well-posedness result under some smallness 
condition (e.g. m), the conditional regularity criterion (e.g. my and the eventual regularity of 
the global weak solution (cf., [TH [25] [T7]l. More precisely, for the eventual regularity issue, which 
means the global weak solution is smoothly regular after some finite time, the progress was first made 
by Dabkowski m by adapting the method of [26] and later achieved by Kiselev [25] by using the 
nonlocal maximum principle method, and one refer to m for a third proof by applying the method 
of [To] . We also notice that Coti Zelati and Vicol in [17] also proved a somewhat global result that for 
9o € with ||0 o||22^II^o||^ 2'^^^ — supercritical SQG equation has a unique global solution as 

long as a depending on R sufficiently close to 1. For the SQG equation with general diffusion operator 
C, Dabkowski et al in [19] considered the slightly supercritical case, where the operator C defined by 
(|1.3p and (jl.Sp satishes (|1.22p below, and they obtained the global well-posedness of smooth solution 
by applying the method of nonlocal maximum principle. They also showed the global result for the 
multiplier operator C = m{D) under some suitable assumptions on m(C) = m(|C|). 

The Burgers equation is just the equation (|l.ip with 

d = 1, and u = 9, (1-16) 

which was introduced and studied by Burgers in 1940s as a ID equation modeling the nonlinearity of 
3D Euler/Navier-Stokes equations. It is known that the inviscid Burgers equation with some smooth 
data forms the shock singularity at finite time. For the Burgers equation with fractional diffusion, the 
subcritical and critical cases can be treated as the corresponding cases of SQG equation to obtain the 
global results; while for the supercritical case, Kiselev et al in m proved that the shock singularity 
similar to the inviscid case occurs in the supercritical case (see also [I])- For the Burgers equation 
with a general C defined by (HD and (HD, the authors in m proved that under (ll.22h below 
and other mild conditions on m, the equation is globally well-posed for smooth data; whereas under 
limjy_>.o-(- m{r~^)dr < oo, finite time blowup will happen for some smooth data. 

The Cordoba-Gordoba-Fontelos (GGF) equation corresponds to the equation (|l.lh with 

d = 1, and u = H9, (1-lT) 

and H is the usual ID Hilbert transform. Gordoba et al in |16j introduced this model as a ID simple 
equation of 3D Euler/Navier-Stokes equations which has the nonlocal velocity; and they proved there 
exists smooth data so that the inviscid GGF equation forms singularity at finite time. For the GGF 
equation with fractional diffusion, Dong in [21] considered the subcritical and critical cases, and showed 
the global results, while in the supercritical case with a e] 0, 1/2[, Li et al in [30] showed there is an 
occurrence of finite-time blowup similar to the inviscid case. Up to now, the problem concerning 
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the global regularity of solution for the supercritical CCF equation with a € [1/2,1[ is still open. 
We mention that Do in m solved the eventual regularity of the global weak solution for all the 
supercritical case a g] 0, 1[ by applying the method of [25], and also proved the global well-posedness 
result of the CCF equation at some slightly supercritical cases. 

The incompressible porous media equation is the equation dEU) with the following velocity field 


u = Vp + Bed, div tt = 0, 


(1.18) 


where p is a scalar quantity and ed is the last canonical vector of M“. By a direct computation, we 
can show that the velocity u can be exactly expressed as (jl.2p . e.g., for d = 2 (cf. [T5]). 


a= 0 , -- 


and for d = 3 (cf. |5|), 


a = ( 


= 2^ V 


1 / 2 xiX 2 x\ — xf 


xr 


1 /3X1X3 3X2X3 2x| 

= y- -n5~’ ~n5~’ — 
dvr \ |xp |xp 


— XT — xf 


In [5l|T5|, Cordoba et al, among other issues, proved the global well-posedness result for the equation 
in the subcritical and critical cases. Similarly as the SQG equation, the issue of global regularity in 
the supercritical case remains unsolved. 

In this paper we focus on the drift-diffusion equation (II.II1 - (I1.2I1 with general C defined by (11.31) . 
and we mainly are concerned with the following cases 


Case (I): K{\y\) satisfies (ll.4p - (jl.5p . m{\y\) satisfies (i)-(ii); (1-19) 

Case (II): K{\y\) satisfies (11.41) . (II.7p . m{\y\) satisfies (i)-(ii), 

24(C) > 0, VC € and divtt = 0; (1.20) 

Case (III): K{\y\) satisfies (|1.8p . m{\y\) satisfies (i), (ii)’. (1-21) 


By applying the method of nonlocal maximum principle in a unified way, we show the global well- 
posedness result for the slightly supercritical drift-diffusion equation (frTD-(n:2D at either Case (I) 
or Case (II), and the eventual regularity of global weak solution for the supercritical type equation 
(|l.ip - (|1.2l) at Case (III). Compared with the eventual result obtained in [25] for the supercritical SQG 
equation, we have an explicit control on the eventual regularity time (i.e., the time after which the 
solution is regular) which is small enough as a —)■ 0, a = 1 or under the condition (|1.22p . By using this 
point, we prove a type of global result recently obtained by Coti Zelati and Vicol in and also get 
the global regularity of vanishing viscosity solution for the equation (|l.ll) - (ll.2p at some logarithmically 
supercritical cases. 

Precisely, our first result is the global well-posedness for the the slightly supercritical equation O)- 
(IE2D, partially generalizing the result of m on the slightly supercritical SQG and Burgers equations. 


Theorem 1.1. Assume that 6 q G 77'^(M'^), s > | -|- 1, and either Case (I) or Case (II) is considered 
with a €]0,1], a G [0,1[ and some constant cq = Ca,a > 0. In addition, suppose the radial function m 
appearing in K satisfies 

rC-oL^a 

lim / m(^“^)d^ = oo, (1-22) 

^^0+ Ju 

then the associated drift-diffusion equation ([13])-([LSI) generates a uniquely global smooth solution 6 
such that 

e G C([0, oo[; n C'^(]0, cx)[xR'^). (1.23) 


Remark 1.2. For m{\y\) = F ^ [03]> A > 0, we see that (II.6p with a = 1 and 

a €]0, 1[ is satisfied for all \y\ > cq = e~^, and also ()1.22p holds true, thus according to Theorem M.li 
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we can prove the global well-posedness of the smooth solution for either Case (I) or Case (II) equipped 
with such m and cq. Similar results also hold for m{\y\) = iog(Ai-i-|y | )(iigLg(A 2 -i-|y | ))'" S' ^ 

Ai, A 2 > 0, and so on. 

The following crucial result is concerned with the uniform-in-e improvement from L°°-solution to 
Holder continuous solution after some finite time for the e-regularized equation (11.241) . 

Proposition 1.3. Assume that Case (III) is considered with a a & [0, 1[, and 9 ^ C{]0,oo[; 

s > 1 + ^ is a smooth solution for the following regularized drift-dijfusion equation 

dte + u-ve + ce-eM = Q, e\t=o = eo, ( 1 . 24 ) 

where e > 0, 0o S L°°, u is given by Then there exists a time ti > 0 independent of e such that 

for every (3 €]1 — a + cr, 1[, 

sup \\9{t)\\^p,^d.<C{\\eo\\L<^,d,a,l3,a), (1.25) 

IG[Ii,oo[ 

with C a constant independent of e. Besides, if a G]0, 1[ and a = 0 in the condition (II.9p . we have 
the explicit estimates onti and supi^j^j o^j ||6((t)||(j,^ as (I5.12l) - ()5.13p below. 

A direct consequence of Proposition 11.31 is the eventual regularity of the vanishing viscosity weak 
solution for the drift-diffusion equation (ll.ll) - (ll.2p . 

Theorem 1.4. Assume that 9 q € divn = 0 and Case (III) is considered with a €]0,1], 

a € [0,1[. Then for every T > 0 large enough, the drift-dijfusion equation (II. 1|) - (II.21) admits a weak 
solution 6{x,t) on [0,T], which is Cx'^-regular with some u > 0 for every t G]to + where to > 0 

can he chosen arbitrarily small and ti > 0 is a number depending only on a, a, d, to and || 0 o||l 2 . 

Besides, if a E]0, 1[ and a = 0 in the condition (11.91) . i.e., 'm{y) = Co\y\°‘ (a €]0,1[J, Vy / 0, we 
can choose T = oo, and we explicitly have 

ti < I 

with C > 0 some constant depending only on d. 

Motivated by m, and as an another consequence of Proposition 11.31 we can prove the following 
global result. 

Theorem 1.5. Assume that either Case (I) or Case (II) is considered for a = 1 and a G [0,1[ with 
some constant co > 0 (independent of a). Let 6 q G s > 1 + ^ be such that ||0o||H=(K'i) ^ ^ 

with some R > 0. Then there exists a constant ai = ai{R,d) > 0 such that for every a < ai, the 
associated drift-dijfusion equation (ll.ip - (ll.2|) has a unique global solution 9{x,t) satisfying (ll.23|) . 

Remark 1.6. For Case (I) and Case (II) satisfying that m{y) = (iog(A[-i-|y | ))M |y| ^ 

S G [0,1[, Co G]0, 1] and As, y > 0, we see that (11.61) holds true for 0 = 1 and a = 5 -\- - ——nr, thus 

log(^(5+Co ) 

by choosing 6 small enough and As large enough so that cr < ai, Theorem \1.5\ can be applied to obtain 
a type of global result. 

As a counterpart of Theorem 11.11 and also as a consequence of Proposition 11.31 and Theorem 11.51 
we prove the global regularity of vanishing viscosity solution for some logarithmically supercritical 
equations ()l.ip - (ll.2p . 

Theorem 1.7. Assume that either Case (I) or Case (II) is considered for a = 1 and cr G [0,1] with 
some constant cq = c^ > 0. Additionally suppose that there exist y G [0,1] and C 2 > 1 such that 

— n ^^y, <m{\y\)<C2\y\, V|y|>C2. (1.27) 

C 2 (log \y\Y 
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Let 6 q G Co(K'^) in the Case (I), or 6 q ^ L‘^ (1 L°°(]R'^) in the Case (II). Then for any t* > 0 small, 
the corresponding vanishing viscosity solution 9 of the drift-diffusion equation (fTTTD-ra belongs to 
C°^i[C,oo[xR^). 

Remark 1.8. Since m{\y\) = h ^ [0; 1]; > 0 satisfies (11.61) with a = 1, u g]0, 1\, 

cn = e“^. and also satisfies (I1.27P with co = 2. thus Theorem [13 can he applied to the equation 
(HID-dO]) under either Case (I) or Case (II) with these m and cq. Recalling that the improvement 
from L°° to Holder regularity is a crucial step in proving the global regularity of weak solution for 
the critical SQC equation (i.e. C = \D\) by Caffarelli-Vasseur [4j and also Kiselev-Nazarov [26], we 
here as a nontrivial generalization achieve such an improvement for vanishing viscosity solution of the 
drift-diffusion equation (frT])-(fL2D at some logarithmically supercritical cases, and we even remove the 
divergence-free assumption of the velocity field at Case (I). 

Remark 1.9. As already observed by several authors in the literature, the SQC equation (in the 
inviscid or supercritical case) may be the simplest physical PDE model that the issue of global regularity 
still remains open. The results in this paper improve and extend some noticeable results of SQC 
equation in |25l[l9l[I7] to the drift-diffusion equation (ini) with a general velocity field given by dOj). 
But since we only use the representation formula (|1.2I) (and the divergence-free condition of u in some 
cases) and do not use the exclusive properties of the Riesz transform (cf. [36l Chapter III]j, it seems 
that so far the special structure of the velocity field (|1.15l) do not play an indispensable role on deriving 
the already obtained main results in the regularity issues of SQC equation. 

The main method in proving the above results is the nonlocal maximum principle (cf. [28[ I25j). 
whose basic idea is to show the evolution preserves some appropriate modulus of continuity (see Section 
[3] below). 

For Theorem ll.il the local well-posedness result is stated and proved in the appendix sectionjTl then 
we introduce a MOC uj{£() defined by (|4.1I) and prove that the evolution of the considered equation 
(|l.ip - (|1.2l) obeys this MOC, which implies the needed Holder regularity of the solution. Compared 
with m, which adapted the same method for the slightly supercritical SQG equation, the MOC (|4.ip 
has a much simpler form, and we use a different way to estimate the contribution (I3.16P so that we 
can avoid the difficulty encountered in considering the general u defined by (since the treating 
in m uses the special structure of u = 11-^9 and do not extend). 

Proposition 11.31 concerns the uniform-in-e improvement of the eventual Holder regularity from the 
L°°-weak solution for the solution of e-regularized equation 11.241 which indeed plays a core role in the 
proof of Theorems 11.4111.51 and 11.71 For the proof of Proposition 11.31 a new ingredient is the MOC 
a;(^,^o) given by (|5.1ll - (l5.2p . which is derived from suitably modifying the MOC (14.ip . and by virtue 
of a careful analysis according to the values of and we can show that the solution 9{x,f) of the 
regularized equation (|1.24p uniformly obeys some appropriate MOC w(^,^o(^))) which further implies 
the desired uniform-in-e Holder regularity estimate after some time. We stress that there is no factor 
like 1 — a-|-cror 1 — a in the conditions of k, 7 ,p (see (|5.56p l appearing in a;(.^,^o)) so that we can 
estimate the eventual regularity time Q as (11.261) in the case a g]0, 1[, cj = 0, which has the property 
that — )■ 0 as a — >■ 1 for the fixed data 9q (note that such a property on the eventual regularity time 
for the supercritical SQG equation was not achieved in [25]). 

For the proof of Theorem ll.41 we first prove the global existence of a vanishing viscosity solution sat¬ 
isfying the L^-energy estimate, then by using De Giorgi’s method we show the crucial L“-improvement 
for all t > to with any to > 0, and then Proposition 11.31 ensures the eventual Holder regularity of this 
weak solution for every t > to + G with some ti > 0, which in combination with the regularity criterion 
Lemma 12.51 further leads to the desired eventual regularity result. 

For Theorem [LSI we prove the expected global result by combining the local well-posedness result 
in Theorem EH and the eventual regularity result in Proposition 11.31 especially using the key point 
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that the eventual regularity time ti is well estimated. Note that in the considered case it suffices 
to justify the criterion (j 6 . 22 |) for small ^ and so that we can treat the more general diffusion 

operator C than in Proposition 11.31 

For Theorem 11.71 by applying Proposition 11.31 and Theorem 11.51 we see that under the condition 
(jl.27p . the eventual regularity time ti can be arbitrarily small, and thus by appropriately choosing 
the coefficients in the MOC w(^,^o) and we can show the desired global regularity result. 

The outline of the paper is as follows. In Section [2l we introduce a class of multiplier operators as 
examples of the diffusion operator C, and we present some useful auxiliary lemmas. In the section [3l 
some basic and useful results related to the modulus of continuity are collected. In Section S] we prove 
the desired Holder regularity of the solution, which further concludes Theorem 11.51 In the section 
[5j we give the detailed proof of Proposition 11.31 which is concerned with the crucial eventual Holder 
regularity issue. The proof of Theorems 11.4111.51 and 11.71 are respectively placed in the subsections of 
Section [ 6 l At last, the appendix section sketches the proof of the local well-posedness result for the 
considered drift-diffusion equation. 

Notations. Throughout this paper, C stands for a constant which may be different from line to 
line. The notion X < Y means that X < CY. Denote the space of tempered distributions. 

We use / and g to denote the Fourier transform and the inverse Fourier transform of a tempered 
distribution, that is, /(C) = e*^'‘^/(x)dx and g{x) = e“'^fif(C)dC. 

2. Preliminary 

In this section, we introduce a class of multiplier operators as examples of the operator T, and also 
compile several useful auxiliary lemmas. 

2.1. Multiplier operators as examples of C. In addition to the conditions (i)-(ii) stated in the 
introduction, we assume that the function m(C) = 7u(|C|) also may satisfy the following assumptions: 

(iii) m is of the Mikhlin-Hormander type, i.e. there is some constant C 3 > 1 so that 

\d^rn{C)\ <C3\C\~^m{C), VC / 0, (2.1) 

for all /c € N and k < ko, with ko a positive constant depending only on d. 

(iv) m satisfies that 

(—A)‘^m(C) > C 4 |C|~^'^m(C), V|C| large enough, ( 2 . 2 ) 

with some C 4 > 0 . 

(v) m satisfies that 

(_l)A:-V(D(|c|) > 0 , V|C| > 0 , A: € { 1 , 2 ,... ,d}. (2.3) 

Note that there do exist a large class of nontrivial examples satisfying all the needing conditions; 

in fact, as shown by [23l Proposition 3.61, the functions m(C) = with A > e~^, a €10, ll, 

(log(A+|CI)) 

/3 > 0 and d = 1, 2,3 satisfy (12.31) . and they also satisfy the conditions (i)-(iv) by a direct computation. 
The following lemma relates the multiplier operator with the conditions of K in the introduction. 


Lemma 2.1. Suppose that m{Q) = m(|C|) is a radial function satisfies the conditions (i)-(iv) stated 
above. Then the multiplier operator m{D) has the following representation formula 


m{D)6{x) = ^m(C)6((C)^ {x) = p.v. J 

K{y) (d(x) - d(x + y)) dy, 

d 

(2.4) 

where the radial kernel K satisfies 

\K{y)\<C\y\-M\y\-^: 

), V|2/|>0, 

(2.5) 

and 

K{y)>C 5 \y\ '^m{\y\ ^), 

VO < |?/| < CO, 

(2.6) 
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with two generic constants co,C 5 > 0. Besides, if m{Q = m(|C|) additionally satisfies the condition 
(v), then the kernel function K in (j2.4jl also satisfies 

K{y) > 0, V|y| > 0. (2.7) 

Notice that the properties (I2.5h - (l2.6j) just correspond to the conditions (II.4h . (jl.7h . and the prop¬ 
erties (I2.5h - (|2.7j) correspond to the conditions (ll.4h - (jl.5j) . 


Proof of Lemma \2. 71 The properties (j2.5l) - (|2.6l) were proved in Lemmas 5.1 - 5.2 of [19]. We only 
prove (| 2 T|). By arguing as Proposition 3.6 and Lemma 3.8 of [23|, we can show that, thanks to (v), 
the kernel function Gfix) associated with the operator satisfies 


Gt{x) > 0 , and 


[ Gfix) 
jRd- 


dx = Gi(-)lc=o = 1 - 


In light of the semigroup representation formula of the operator L 

G.fe) 


t^- 0 + t t->- 0 + 


t 


(fix) - fix+ y)) dy, 


we see that K{y) = limt^o > 0 for all \y\ > 0 . 


□ 


2.2. Auxiliary lemmas. First we prove a lemma on the property of the function m satisfying (|1.6p . 
which will be repeatedly used in the sequel. 

Lemma 2.2. Let miy) = m(|y|) be the radial function satisfying the condition (|1.6p for some a g]0, 1[ 
and a G [0, a[, then 

the mapping \y\ i-;> \y\^^'rni\y\~^), j3i> a is non-decreasing, ( 2 - 8 ) 


and 


the mapping \y\ i-A \yf^mi\y\~^), ^2 < Oi — a is non-increasing. 

Proof of Lemma \2.^ Let ffir) = for i = 1, 2 and r > 0, then by direct computation, 

/((r) = (/3im(r“^) — r~^m'{r~^)) > {fii — a)r^^~^m{r~^) > 0 , 

which yields ( 12 . 8 p . and similarly, 

/ 2 (r) = (/ 32 m(r“^) — < {/32 — {a — o')) r^^~^mir~^) < 0 , 

which yields (|2.9I) . 


(2.9) 


□ 


The next lemma concerns the pointwise lower bound estimate of the symbol of the operator £. 

Lemma 2.3. Let C he defined by ()1.3p withK{\y\) satisfying (ll.4p - (|1.5l) and mi\y\) satisfying (i)-(ii), 
then the associated symbol A(C) given by (I1.13P satisfies that 

A(C) > C-^ICr"^-C, VCgM^ (2.10) 

where a g]0, 1], a € [0, a[ and G is a positive constant depending only on d, a and a. Besides, if Ki\y\) 
satisfies (HH), (HZl) with m{\y\) satisfying (i)-(ii), we can also get (I2.10p with a different constant G. 
In particular, if K{\y\) satisfies (11.81) with m{y) = \y\°‘ (a €]0,1]^, Vy 7 ^ 0, then we also get 

A(C)>C-Vr, VCgM”^, (2.11) 

with G a positive constant depending only on d and a. 

Note that if m{y) = |?/|", then we can get (12.101) with ct = 0 for the associated operator C, and this 
special result in fact has appeared in the literatures, e.g. ( 6 ] Lemma 2.2]. 
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Proof of Lemma \2.3\ . Recalling that for every a G]0, 2[ we have (cf. Eq. (3.219) of [Mj) 

ICr = Cd,a [ (1 - cos(i/■ C)) I VCeM^ (2.12) 

JK'i\{o} \y\ ^ 

and by virtue of the lower bound of K in (jl.4[) - ()1.5p and the fact \y\°‘~'^rn{\y\~^) > CQ~^m{cQ^) for all 
0 < |y| < Co, we get that 

A(C) > f (1 - cos(y • C)) 

Jo<\y\<co \y\ 

> crLr"™(c„-) (1 - cos(,. 0) 

> (ulicr" - 

If K satisfies (d and ()1.7p . we similarly obtain 

^(C) > [ (1 - cos(y • C)) ^ di/ -Cl [ (1 - cos(y • C)) \K{y)\dy 

Jo<\y\<co \y\ J\y\>co 

> (1 - co.{, . 0) 

>c-i|cr“^-c. 


If i^dyl) satisfies (jl.SI) with m{y) = |y|" (a g] 0, 1]), Vy / 0, from (|2.12p we see that A{C) > ^c^^|C|“, 

which corresponds to (12.1111 . □ 


The following lemma is about L°°-estimate of smooth solution for the equation (|l.ip - (ll.2p . 


Lemma 2.4. Let 6{x,t) € (^([O, r*[; i7^(M‘^)), s > 1 + | he a smooth solution to the drift-diffusion 
equation (fT:TD-(fL2i). If Case (I) (i.e. (11.191) ) is supposed, then we have 

||^(t)||L- < II^oIIl-, forallte[0,T*[. (2.13) 

Besides, if Case (II) (i.e. (|1.20l) 1 is assumed, we get 

\\e{t)\\L^ <C{\\eo\\L 2 nL^,a,a,d), for all t € [0,T*[. (2.14) 


Proof of Lemma \2.4 
classical (cf. 


Due to that the kernel K is nonnegative on \ {0}, the proof of (I2.13P is 


HI Theorem 4.1] for L = |D|“), and we here omit the details. 

Next we prove (|2.14p . Thanks to that divrt = 0 and A(C) > 0, by the L^-energy estimate (cf. (|6.4n 
below), we get ||0(t)||L| < II^oIIlz for all t G [0,r*[. Now for every t g] 0,T*[, assume that xt € 
some point satisfying 9{xt,f) = ||^(t)||L°o =: M{f). According to 


IS 


y G : \e{xt + y)\ > 


M{t) \ 


( mt)\\L^ 
V M{t) 


. mwh 

- M{tY ’ 




























10 


CHANGXING MIAO AND LIUTANG XUE 


2/d 


and denoting by r* := |gj^(o')'|i/d -^(^) large enough so that rt < ^. Taking 

advantage of (HH), (HZl) and Lemma 12.21 we find (by arguing as |26l Lemma 4.1]), 


{C9){xt,t)> c/ f {9{xt,t) -e{xt + y,t)) 
Jo<\v\<co 


mi 


1 - 1 ' 


> Cl 


0<|l/|<co 


\y\‘^ 


mi 


■ 1 - 1 ^ 


'rt<\y\<co \y\'^ 

„_i,M(t) 


-dy — 2ciM{t) 


-dy — 2ciM{t) 

1 


l\y\>co |y| 


\d+a 


dy 


—-2ciM(t) 




|?;|>co \y\^~^ 


-dy 

rv ^ 




> Cl ^m(co )■ 


2 a — a 2r^ ^ 


—d - Ca,dM{t). 
Iroll 1^2 


Hence we see that 


^M(t) < +C 5 ,rfM(t), 


2 (q: —cr) 


dt 


and for M{t) larger than the quantity || 0 o||l 2 


Ca^\ 2{a-a) 


Cc 


, we have ^M(t) < 0 , which readily implies 


that M{t) < max < ||0 o1|l°°) 


Ca.d \ 2{ a - tT ) 


C. 


a,cr,d 


110011 l 2 > and concludes the proof. 


□ 


Finally, we state the following key regularity criterion for the drift-diffusion equation (H]). 

Lemma 2.5. (1) Suppose that Case (I) is considered, 9 q € Co(M'^), and for T > 0 any given, the 
drift u satisfy 

M G L°°([0, T]; C'^(M'^)), for every 6 £]1 — a + o',l[, (2-15) 

then the drift-diffusion equation dni) admits a (classical) solution 9 € L°°([0, T]; Co(K'^)) n 
L°°(] 0 ,T], C^’'>'(]R‘^)) for any 7 G]0,(5 -|- a — cr — 1 [ which is derived by passing e —>■ 0 0 / the 
regularized solution 9'^ solving the following approximate equation 

dt9^+ u^-^9^ + C9^ = d, u'' = 4>e*u, 9^\t=o = 9olB^^^ix), 

with (feix) = and cf the standard mollifier. Moreover, if the drift field u is given by (II.2|] . 

we have 9 G C'°°(]0,T] x M'^). 

(2) Assume that Case (II) is considered, 9 q G LP(]R'^) for some p G [2, 00 ), and the drift u satisfies 
(|2.15p for T > 0 any given. Then the drift-diffusion equation (II. ip admits a unique weak solution 
(in the distributional sense) 9 G L°°([0, Tj; which satisfies 9 G L°°(]0, T], with 

any 7 g] 0, J-|-Q;—cr—l[. Moreover, if the drift field u is given bu (11.20 . we have 9 e C°°{]0,T]x'R^). 

For the proof of Lemma 12.51 one can refer to [38] for the detailed proof for the drift-diffusion 
equation (|l.ip with more general diffusion operator C. 


3. Modulus of Continuity 

In this section we gather some results related to the modulus of continuity, which play an important 
role on the method of nonlocal maximum principle. 

First is the definition of the modulus of continuity. 























REGULARITY ISSUES OF THE DRIFT-DIFFUSION EQUATION WITH NONLOCAL DIFFUSION 


11 


Definition 3.1. A function to :]0, oo[—^-JO, oo[ is called a modulus of continuity (abbr. MOC) if uj 
is continuous on ]0, cx)[, nondecreasing, concave, and piecewise with one-sided derivatives defined 
at every point in ]0,oo[. We say a function / : obeys the modulus of continuity ui if 

\f{x) - f{y)\ < ui{\x - y\) for every x ^y 

Then we recall the general criterion of the nonlocal maximum principle for the whole-space drift- 
diffusion equation (for the proof see [32l Proposition 3.2] or [25l Theorem 2.2]). 

Proposition 3.2. Let 9{x,t) G (^([O, oo [;s > ^ 1 be a smooth solution of the following 

whole space drift-diffusion equation 

dte + u-ve + ce-eM = ^, efd,x) = eo{x), x ( 3 . 1 ) 

with e > 0. Assume that 

(1) for every t > 0, Lv{f,t) is a MOC and satisfies that its inverse function a;“^(3||0(-,t)||i;,oo,t) < oo; 

(2) for every fixed point f, f) is piecewise in the time variable with one-sided derivatives defined 
at each point, and that for all f near infinity, uj{f,,t) is continuous in t uniformly in 

(3) uj{0+,t) and d^ui{0+,t) are eontinuous in t with values in M U {Too}, and satisfy that for every 
t > 0, either a;(0-|-, t) > 0 or 9^u;(0-|-, t) = oo or 9^^a;(0-|-, f) = —oo. 

Let the initial data 9o{x) obey then for some T > 0, 9{x,T) obeys the modulus of continuity 

^(1 )provided that for all t g]0, T] and f > 0 : uj{f,t) < 2\\9{-,t)\\L^'j, oj{f,t) satisfies 

t) > t) t) + DxA^^ t) + 2e%w(^, t), (3.2) 

where LlxA^:^) o,'<xd DxA^jt) ^xe respeetively defined from that for every x G and every unit vector 
e G in ()3.5p . 

t) '■= \{u{x -\- fe, t) — u{x, t)) ■ e|, and 
DxA^^ •= “ t) - C9{x + A, t)), 

under the scenario that 

9{x,t) — 9{x + O'^d 

\0iy,t) - 9{z,t)\ < u}{\y - z\,t), \/y,z G M'^. 

In dSSl), at the points where dtOj{f,f) (or d^u}{f,t)) does not exist, the smaller (or larger) value of 
the one-sided derivative should be taken. 


(3.4) 

(3.5) 


The following lemma is concerned with the estimate of ()3.4I1 under the scenario p.Sp . 

Lemma 3.3. Assume that the diffusion operator C is defined by don with the radial kernel K, then 
we have the following estimates on DxA^-:'^) defined by (13.4p under the scenario (13.5h . 

(1) If K satisfies (II.8|) with m satisfying (i) and (ii)’, then for any f > 0, 


-I- 2ri, t) -\- - 2ri, t) — 2vj{f, t)) 


DxA^A <Ci [' (AC 
Jo 

poo 

+ Cl iu{2r] + f,,t)- u{2r] - f,,t) - 2w(^, t)) 


- -dr] 

7 ] 

m{ri~^) 

V 


dr], 


with Cl > 0 a constant depending only on d. 

(2) If K satisfies (|1.4l) - (ll.5p with m satisfying (i)-(ii), then for every f g]0, ^], 

DxAAt) <Ci [ (a;(g -F 2??, t) + a;(g - 2r], t) - 2uj{f, t)) ^ dp 


10 


V 


+ Ci [ {u}{2r] + (,,t)- u}{2r] -(,,t)- 2uj{(,, t)) ^ dq. 


V 


(3.6) 


(3.7) 
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(3) If K satisfies (|1.4p . (|1.7p with m satisfying (i)-(ii), then for every ^ €]0, 

D^A^,t) < C'M^,t) + R.H.S. of ([32]), (3.8) 

where C[ > 0 is a constant depending on d, a, a and a. 

Proof of Lemma \3.3[ According to (m and (13.5p . we see that 

Dx,ei^,t) = [ K{y){e{x + y,t)-e{x + f,e + y,t)-uj{f,,t))dy, (3.9) 

JM.'i 


where the integral will be understood in the sense of principle value if needed. By arguing as the proof 
of [T9l Lemma 2.3], we get 


Dx 


/■§ 

if, t)< + 27], t) + Uj{f - 2r], t) - 2uj{i, t)) K{7])dr] 

Jo 

poo ^ 

+ I {u}{2r] + ^,t) - uj{2r] - ^,t) - 2uj{C,t)) K{r])dr], 
■^1 


(3.10) 


with 


^iv) = [ K{ri,u)dv. 
jR-i-l 


(3.11) 


(1) If iL satisfies (II.8p with m satisfying (i) and (ii)’, then by using (12.8p . we infer that for every ly > 0, 

71 / ^ ^ -1 /■ rn ((ry2 + |z/|2)-V2) 


> Cl 


i rn{r] 




7] 


j 

jR-i-l 


Rd-1 (jfi _|_ 

1 


-1 (1 + |jl'|2) 


2\(d+o)/2 


An 


dn' > Cl 


(3.12) 


m{7] 


-1-1 


where in the last inequality we used 

1 


/ 

JRd-l 


-1 (1 + | z /'| 2 )(' i +“)/2 




2('^+")/2 


Inserting the above estimate into (I3.10p leads to (13.611 . 

(2) If K satisfies (ll.4p - (II.5ll with m satisfying (i)-(ii) and f < cq/2 is concerned, we mainly consider 
the scope ry g] 0, and \n\ €]0, so that {rfi + g]0, cq], thus similarly as (I3.12p . we get that 

for all 7 ] g]0, ^], 


r^( -if m ((ry2 + |z/|2) i/2) 

/ - 7 2^1 l2\d/2 - 

JueRd-LlulKf [V + |zi|2)"'/2 


> Cl 


i m(ry 


-1^ 


1 


m(ry 


-1^ 


I > Ci- 

/i/'eR'^-Mi^'|<i (1 + |zi'p)^~ ^ 


which ensures ^3.711 . 

(3) If K satisfies (|1.4I1 . (II.7h with m satisfying (i)-(ii), and ^ ^ concerned, we divide the (ry, z/) 

integral region of the R.H.S. of (|3.10p into several parts {zy G 

{zy G]0, y]) I^I £ The part zy €]0, and jz^j g] 0, can be treated as above and the bound 
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is the R.H.S. of ()3.7p . For r/ > ^, the kernel iF(ry, u) may be non-positive, and from (II.7p we infer 
that 


-K{r^) < - 


< Cl 


/ K{r],v)dv— / K{r],iy)du 

I (r;2-|-|i/|2)l/2<CQ J (,^2_|_|y|2)l/2>j,p 


1 


/ / O I I o \ 

-|- |up) 2 


■du < Cl' 


1 


V 


, 1 + 0 : 


/ 

jR'i-l 


(1 + |U'|2)^ 


< ciQ— 


r/ 


l-l-a 


and thus the contribution from this part is 

(2a;(C, t) + uj{2r] - ^,t) - uj{2r] + t)) 1^- 

< ciCd2u){^,t) 


roo 


I SO 
2 


dr] 


■OO -j 

-dr/ < 


/fa r/i+" ' 2 

2 


For the part r/ g] 0, and |u| > from (II.7p we get 

— / iF(r/,u)du<— / i^(r/, u)du 


<Cl [ 


^du < C'd,5Cicg', 


(?/2 -)- jirp) 2 

and thus the contribution from this part is bounded by 

Cd.aCiCo f J (2u}{C, t) - + 2r], t) - uj{i - 2r], t)j + (^2u;(^, t) -h uj{2r] - C,t) - uj{2r] -h C, i)) 

< Cd,ciCiCQ (^uj{^,t)^ + 2uj{^,t) '^° ^ 

Hence, gathering the above estimates yields p3.8l) . 

Next we consider the estimation of p3.3p under the scenario p3.5p . 


□ 


Lemma 3.4. Assume that u = V{9) is defined by (II.2p . and the diffusion operator C is given by pi.31) 
with the radial kernel K, then we have the following estimates on under the scenario (|3.5I) . 

(1) If K satisfies (11.81) with m satisfying (i) and (ii)’, then for all ,^ > 0, 

O.A^,t) < - ^D,AC,t) + C2u{U) + C2C /°°^^%^dr?, (3.13) 

m[f Ji T 

with C 2 > 0 defending only on d, |a|, |'I'|. 

(2) If K satisfies (ll.4l) - (ll.5p with m satisfying (i)-(ii), then we also get p3.13p for allO < f, < ^. 

(3) If K satisfies (11.41) and (11.71) with m satisfying (i)-(ii), then for all 0 < f, < ^, 

t) < - t) + (C' + C 2 ) t) + C 2 i r ^^%^dr/, (3.14) 

m(^ ^) Ji T 

with some > 0 depending on d, a, a and |'I'|. 

(4) No matter what conditions of K is assumed, there exists a constant Ca > 0 depending only on 
d,|a|,|4/| such that 

HxA^N) < + Cz [ ^^^'^^ drj + CA [ dr/. (3.15) 

do d Ji T 

Notice that for C = |I1|“ and u = 11(9) with H the ID Hilbert transform, an estimate similar to 
P3.13I) was obtained in [201 Lemma 2.7]. 
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Proof of Lemma \3.4\ For simplicity, we suppress the time variable t in and By 

virtue of (jl.2jl . we see that 


u{x) 


u{x + ^e)| = 


< 


aa;(0+P-v. [ + y)dy 

jRd \y\ 

a\u;{f) + m)\ + \im\, 


p.v. 



6{x + + y)dy 


with y = ill € ^, and 

/(^):=p.v. / l!^0[x + y)dy-p.v. [ ^^9{x + + y)dy, (3.16) 

J\y\<2^ \y\ ^iyi <25 \y\ 

and //(O := / ^^9{x + y)dy- [ ^^9{x + f,e + y)dy. 

J\y\>2^ \y\ ^iyi> 2 ? \y\ 

First we note that the estimation of and the proof of (j3.15p are classical, and one can refer to 

[28( Lemma] or [31( Lemma 3.2] to see that 


\Iim < Cf r "^dy, and |/(0I < C ‘^dy. 

Ji T Jo rj 

Thus for the statements (l)-(3), it suffices to estimate /(^) by virtue of Dx^eif,)- Thanks to the 
zero-average property of 'l'(y) and the scenario (13.5p . we have 

f + y) - ^ix))'^y - [ '^^{^{x + ^e + y)-9{x + ^e))dy 

J\y\<2^ \y\ J\y\<2^ \y\ 

= [ ^^{G{x + y) - 9{x + f,e + y)-Uj{(,))dy, 

J\y\<2i \yr 


where the integral will be understood in the sense of principle value if needed. 

(1) If K satisfies (II.8p with m satisfying (i) and (ii)’, recalling that defined by (13.4p has the 

formula (|3.9p . and using (I2.8p - (|2.9I1 . we obtain that for some constant B > 0 chosen later. 


B 


HO + ^^^DxAO < 


'|j/i<2e 


< 


(^(^) + Hx + ^e + y)- 9(x + y))dy 

[ K{y){uj{^) + 9{x + ^e + y)-9{x + y))dy 

J\v\>2£ 

{^iO + ^{x + f,e + y)- 9{x + y))dy 


'|j/|<2e 


|i/|>2« 

(IM. _ 2— 
V \y\^ 


^a—(T 


\y\d+ 


< 


/ (2“ ^T(y)-2 ^cOb)-^J^:^{ uj{f) + 9{x + ^e + y)-9{x + y))dy, 

J\y\<2£ \y\ 

where in the third line we used \y\°‘~'^m{\y\~^) > (2(^)"“'^m((2^)“^) > for all 0 < 

\y\ < 2^. Thus by choosing B = 2ci (max^jggd-i |\I'(y)|), we get 


B 


|/(0I<— t^.DxHO- 
m{t, ) 


(3.17) 


(2) If K satisfies (ll.4p - (|1.5ll with m satisfying (i)-(ii), and we only consider f in the range 0 < .^ < 
then due to that iL > 0 on all \ {0}, we similarly obtain (j3.I7p . 
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(3) If K satisfies ()1.4p and (II.7p with m satisfying (i)-(ii), then for the same B as above and for all 
0 < ^ < co/2, 

m + [ (^(0 + 0(x + ^e + y)- 0(x + y)) {-K{y)) dy 

s 4,, (“«)+ 

By arguing as obtaining (j3.8p . we deduce that 

m + < cAii)- 

Therefore, collecting the above estimates leads to the desired results (j3.13p - (j3.15[) . □ 


4. Global well-posedness for the slightly supercritical case 


The purpose of this section is to prove Theorem ll.il We assume 0 € C'([0,T*[;i7®)nC'°°(]0,T*[xM‘^), 
s> 1 + 1 is the associated maximal lifespan solution constructed in Theorem [7T] for the drift-diffusion 
equation (ll.ip - (jl.2p . and we will show T* = oo in the considered cases of Theorem 

According to the blowup criterion (j7.2p . it only needs to prove that sup^gjo,r*[ ll^(^)llc/5(Kd) < °° 
some /? > 1 — a + cT. To this end, we will prove that the evolution of the concerned equation ()l.ip - (jl.2l) 
preserves the following stationary MOC that for a g]0, 1], u G [0, a\ and /3 €]1 — a + u, 1[, 




Km(d 

< Km{6~^)6 + J Jg rn{ri~^)dr], 

^Cj(Cq,^ct), 


for 0 < ^ < (5, 
for 5 <C< Ca,a, 
for ^ > Ca , a , 


(4.1) 


where S < Cq,^o-,k ,7 are all positive constants chosen later (k ,7 are independent of 5). In fact, with 
such a result, and by using (|4.5p below, we deduce that 


sup ||0(t)||^^= sup sup sup , (4.2) 

te[0,r*[ t€[0,r*[ a;,ygR'^,X 7 ^j/ \x y\ I® 2/l 


which is as desired. 

First we show that uj{A is indeed a MOC satisfying the needing properties. Clearly, a;(0+) = 0, 
a;'(0+) = K/3m((5“^)(5^“^ lim^_>.o-i-= oo, which satisfies the condition (3) in Proposition 13.21 
Observe that for every 0 < ^ < 5, 

^'{i) = > 0) and oj"{A = —Kj3{l — j3)m{5~^)5 ^~^< 0) (4-3) 

and for every 6 < ^ < Ca,a (from (|1.6p i. 

w'(0 = > 0, and a;"(0 = - 7 "^ % ^ < -7(a - ^ < 0> (4-4) 

A ? 

and a;'(^) = 0 for all ^ > Ca^a, and for ^ = d, 

uj'{6—) = K/3m{6~^), and w^(5+) = 'ym{6~^), 

thus if 7 < k(3, we infer that uj is nondecreasing and concave for all ^ > 0 (in fact increasing on 
^ G]0, CaA)- We also find that for every ^ > 0, 


the mapping ^ i-A- 


AC) 

A 


IS non-mcreasmg. 


(4.5) 
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Indeed, if ^ G]0,(5] or ^ €]cq^o-)Oo[, (I4.5p is a direct consequence of (14.11) : while if ^ €](5, Cq^o-]) we have 
~ ; and noticing that by (14.4p . /3 > I — a + a and 7 < 13k, 

- /3w(0)' = ‘^'(0 + - Pui'iO < (I - P - {a - a)) 'ym{C^)m{C^) < 0, 

and 

6lj'{ 6+) — (3uj{6) = ^m{6~^)6 — f3Km{5~^)5 < 0, 

we deduce that < 0, which implies (j4.5p in the range €](5, Cq^o-]. 

Then we prove that under the assumption pi.22p . the MOC (14.ip with fixed k ,7 > 0 can be obeyed 
by the initial data Oq for 5 small enough. In order to show Oq has the MOC ( BH ), noting that 
\9q{x) - 9Q{y)\ < 2l|6(o||i,°o, and \9q{x) - 9Q{y)\ < ||6(o||(j./3|x - yf, it suffices to prove that 


mm ■ 


Denote an := 


{2||0o||l-,||0o|Ic.?^} <cu(0. 

oo := ( ^||i9o|7 J if ? ^ flO) then as long as 

^^(ao) > 2||0 o||l°°) 


(4.6) 


(4.7) 


we have that (14.60 holds for all ^ > oq; while if ^ < oq, by virtue of p4.7p and the fact > 

which is deduced from (|4.5p . we also obtain (|4.6p . as the following deduction shows: 

Now we prove that for every 9q, the condition (14.7p can be guaranteed by the assumption (11.2211 . 
Indeed, without loss of generality we assume that oq > <5, then we get 


fQO 


<^(flo) > 7 / ^(7 ^)d7 ^ 00 , as (5 —)■ 0+, 


(4.8) 

J5 

hence for 5 sufficiently small depending on 7 and ||^o||(7/3nL°°> il4.7p is implied. 

Next according to Proposition 13.21 it suffices to show that for all 0 < t < T* and all ^ > 0 such that 
u}{^) > 2Bo, 

^x,e{C, tWiO + D^A^, t) < 0, (4.9) 

where Bo is the bound of ||0(-, t)||Lg° (from Lemma l2.4p given by 


Bo := 


{ ||6(o||loo, if Case (I) is considered, 

C'(||0o||L2nL°°)Td), if Case (II) is considered, 


(4.10) 


and QxA^^ DxAii 0 respectively defined by (j3.3p and (j3.4p under the scenario (j3.5p with 
in place of w(-). Thanks to (I4.8h again, and by letting bo €]0, be a small constant chosen later 
(cf. (I4.22p i. we can also have 

rbo 


'L 


w {ho) > 7 / m{r] ^)d 7 > 2Bo, 


(4.11) 


by choosing 6 sufficiently small, thus the scope of ^ we need to treat is just 0 < ^ < 6o- By using 
Lemma 13.31 and Lemma 13.41 we get 


BxA^,t)<cA(a + Ci 


(w(C + 27) 

JO 


+ Cj(^ - 2y) - 2u}{i)) 


V 


-dt] 


oQ;,cr 

+ Cl ^ (w(2r/ + 0 - ^(27 - 0 - 2w(0) 


m{ri 


- 1 ^ 


(4.12) 


-dr/. 


V 
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and 


+ C 2 ) w(^) + 6*2^ J 






(4.13) 


where Ci,C 2 > 0, and C(, are just the constants respectively appearing in (13.Sp and p.lSI) if Case 

(II) is assumed, and we set = C 2 = 0 if Case (I) is assumed. 

In order to prove (14.9p . we divide into two cases. 

Case 1: 0 < ^ < <5. 

In this case, we have w(^) = , and , and from (14.5p we 

see that 

.5 , roo 


rdj)d,= / / 

T Ji V J& 


= Km 


rj^ 


-Arj 


{ 5 -^) 6 ^-^ J 77^-2dr/ + 


^iv) 1 

7^/3 7 ^ 2 —/? 


df] 


< Km{5 ^)5^ ^^ — 5^ ^) + Km{5 ^)5^ ^^ 

1 P 


Thus we find 


^x,ei^^t)uj'{C) < - ^^^^^^ a;^(g)-Px,e(g,t) + (^Km{6 ^)(I^ ^ 


Observing that for every (5 > 1 — a + a and ^ g] 0, d], 


C 2 u.-. C2l5Km{6-^)5^-^iP-^+^-^ C2l3Km{6-^)8^-Hf^-^+^- 

(0 =--= C2P^i, 


we further get that by letting k < l/(2C'2/3), 




Km{5 ^)(5 


m{5 


-CaI-/? 




2/3-1 


For the contribution from the diffusion term, by virtue of the following estimate 

"1 rl 


uj{^ + 2r/) -F uj{^ - 2r]) - 2oj{^) = Ar]^ 


Xu"{^ + 2At rj) drdA 


10 J-i 
»i rO 


< Arj^ 



Aa;'^(^)drdA < oj"{^)rf 


0 J-i 


and (14.3p . (12.9p . we directly have 


D. 


ri 

:,e(^) 0 < C[uj{^) + Cl {oj{^ + 2r]) + oj{^ — 2r]) — 2oj{^)) 

Jo 


m{ri 


-ii 


-dr/ 


< C'iuj{i) + CiJ'{i) / r/m (?7 ^)dr/ 

Jo 

.L 

/ ^ (r/"“‘^m(r/"^)) r/^““+‘^dr/ 

Jo 


< C(w(0 - Ci/3(1 - /3)Am((5-i)5^-^e^-2 

, , . , Cl 


(4.14) 


(4.15) 


(4.16) 
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16C,' 


where the last inequality is guaranteed by setting m{6 ^) > or setting 


(5 < 


/^Ci/3(l-/3) 


V 16 Ci( 

Hence we infer that 

2 (C 2 + C'i / , , .n 2 


(4.17) 


< 


1-/3 


l3(^Km{6 ^)(5^ ^ + 

2 (C 2 + C') Ci(1-/3)' 




—a+a 


1-/3 


(4.18) 


32 


< 13k (m(<5-i))^ < 0 , 

\ 1 — p 61 J 


where the last inequality is from choosing k so that k < gi/c^+cH^^ ~ 


Case 2: S < ^ < bo. 

Taking advantage of (14.5p . we have 




uj{ri) 1 


3«d7/ < 




fjP 


I 


“ 1 . / 1 ^(0 
2-z^d7y <- 


$ V" 


1-/3 e 


Thus from (I4.13P and u}'{^) = 'ym{^ ^) in this case, we obtain that by choosing 7 < 1 /( 2 C 2 ), 

For noticing that oj{2ri + ^) — ijj{2rj — ^) < w(2^) < 2u}{^) and > 6 q we get 




t) < CMC) + Cl (a;(20 - 2a;(0) 

< C(a;(0 + Ci(u;(20 - 2u:{C))2-‘^em{M)^ . . ^ 

< CMO + - 2M))miM] 


"0 


(4.19) 


Cic 


< C[u}{C) + — M2C) - 2u}{C)) m{C ^), 


with c defined by 


c := inf 


2 "^ - 1 


> 0. 


xe]o,i] ( X 

Next we claim that for 7 small enough, we have 

a;(2^) < max{2^"“+^,3/2}a;(0, G [(5,6o]- 

Indeed, for ^ = h, we see that a;((5) = Km{6~^)6 and 


(4.20) 


UJ 


r2S p25 1 

( 2 h) = a;(h) + 7 / m{rj~^)di.ri < ijj{5) + ^5^~^m{5~^) / ^_^ dr/ 

J 5 J 5 P 


< Km{6 ^)(5 + 7(5“ °'m((5 ^) 


1 


((25)1- 


— CK+(T _ jl —a+(T'^ 


< Km{5 1)5 + 


7 


1 — a + (7 


\ — a + cr 
(2i-“+^ - 1) m(5-i)5. 


(4.21) 
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which further yields that for all 7 < 


jKm{6 ^)6 + 2'y{2^ — l)m{6 ^)(5, ifa — (t<1/2, 

+ 7 (sup3,g]o,i/2] m{6-^)5, if a - cr > 1/2, 

< max{2^-"+'",3/2}a;((5), 

where we have used sup^-gjQ j^/ 2 ] | ^ 1- Whereas for ^ €](^, l^o] with 

60 S] 0 , some constant, considering an auxiliary function 

h{^) := oj{2^) — max{2^““'''°', 3/2}a;(^), 


and noting that 


h'iC) < 2w'(2e) - 2i-“+"a;'(e) = 2m((20"^) - < 0, 


we deduce h{^) < h{6) < 0 for all ^ > S, which implies (I4.21D . Hence, plugging (14.211) into (I4.19P leads 
to 

^ (2 - max {2^“"+'^, 3 / 2 }) 

<^(0 (c;-^(i-2-“+"Mr') 

< w(0 {c'l - — ^rn{r^)uj{^), 

8c; 


where c is given by (14.201) . and in the last inequality we used r?T,( 6 g ) > can be implied 

by setting 


bo < 


Ci^{a — (t) ^ “ 
8C( 


1 

1 —cr 


(4.22) 


Collecting the above estimates yields that for all ^ €](5, 60 ]) 

tWiO + D^AC, t) < < 0, (4.23) 

where the last inequality is guaranteed as long as 7 is satisfying 7 < ^Ao[C 2 +^C '~)'^^ ' 

Therefore, thanks to (I4.18h and (I4.23h . we prove (14.2h for every fi g] 1 — a + u, 1[ with each a g] 0, 1] 
and a G [0, a[, where k, 7 are some fixed positive constants satisfying 




2C2/3’64(C2 + C'') 


2 ’ 2 C 2 ’ 16(C2 + C'^) 


(4.24) 


and (5 > 0 is a small constant satisfying (14.81) , ()4.11l) and (|4.17p with bo = min ^ Af -, f 


T 


Thus we finish the proof of Theorem 11.1 


5. Eventual uniform-in-c Holder estimate of the c-regularized solution 

The purpose of this section is to show Proposition 11.31 and the main method is still the nonlocal 
maximum principle. 
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We consider the following family of moduli of continuity that for > <5, 




(1 - l3)Km{5~^)5 + 7 m{r]~^)dri - 7"i('C(7^)(?o - 5) + 

< Km{6-^)5 + 7/1° rn{r]-^)dr] - 7"r(?(7^)Co + 

Km((5-^)5 + 7 /| m{r] ^)d 7 , 


and for .^g < <5, 


for 0 < ^ < (5, 
for (5 < ^ < ^g, 
for C > ^g, 

(5.1) 




' (1 - ^)Km{6-^)6^-^Co + 

Km{6~^)6 + 7 m(r] ^)dr/, 


for 0 < C < ^ 0 , 
for ^g < ^ < (5, 
for ^ > 6, 


(5.2) 


where /3 €] 1 — a + ct, 1 [, and k, 7 , 5 are positive constants chosen later. Note that for ,^g = 0+, uj{^, 0+) 
just reduces to the MOC (14.ip with cg = Ca,a = cxd. Motivated by [25], the basic idea of constructing 
^('C)'Co) is through taking a tangent line at ^ = ^g to uj{^) given by (14.ip and replacing a;(^) with this 
tangent line at the range 0 < ^ < ^g. But since the one-sided derivatives of a;(^) at the point ^ = 6 
do not coincide, thus in order to control at the point ^g = S, we make a modification in 

the case ^g > 6, that is, the tangent line mentioned above at the range <5 < ^ < ^g is still adopted, 
but at the range 0 < .^ < <5 it is replaced by a straight line crossing a;(5+,^g) with the larger slope 
u}'{6—) = /3Km{6~^). 

Clearly, for all .^g > 0, t<;(0+,.^g) > 0, which guarantees the condition (3) in Proposition 13.21 
Similarly as w(^) defined by (|4.ip . a;(^,^g) is also a increasing and concave function for all ^ > 0 and 
.^g > 0. For ^g = ^g > 5, by virtue of (j2.9p . we get 


{0+,Ao) = {l-/3)Km{5 ^)(5 + 7 J m{r] ^)dr] -'ym{AQ^){Ao - 6) 

r^o 

> (1 — (3)Km{6~^)6 + 7 m{AQ^) Aq~^ j — 7m(A(C^)^g 


(5.3) 


> {1 — l3)Km{6 ^)(5 + 


1 — a + (T 


m{A^ 




) -jm{AQ^)Ao 


> ((1 - P)k - j)m{5-^)6 + • 


Since we assume 7 < (1 — /3)k, thus we have that the initial data 9q obeys the MOC a;(^, ^g) provided 
that 

{Al-»+- - 51 -“+-) > 2\\eo\\L^. (5.4) 

According to Proposition 2.5, we next will prove the following lemma. 


Lemma 5.1. Suppose that Case (III) is considered, and the initial data 0g obeys the MOC cu(.^, Ag) 
given by dSH). For p > d, let ^g = Cg(t) be a function satisfying 


=-pm{fQ^)Co, ^g(0)=Ag. (5.5) 

Then for some positive constants 6, n, 7 , p small enough, the solution 9{x,t) of the regularized drift- 
diffusion equation (ll.24j) obeys the MOC Lo{f,fo{t)) for all t such that fo{t) > 0. 
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Now with Lemma [5.II at our disposal (whose proof is postponed later), we can conclude Proposition 
11.31 as follows. Thanks to ()5.5j) . and by integrating on the time variable over [0,t], we get 


r-Ao 


pt = 


Uoit) m{Co 


-d^o < 


1 


r^o 


1 


:d ^0 




1 

a — (7 


(5.6) 

(5.7) 


Aq '^m(Ao ^) « “ ^ 

which yields that 

lo(i) < ^0 (1 - "i(^o ^)(a - cr)pt) 

Thus there exists a time ti satisfying 

1 

h < -Ti-, 

{a — (j)pm{AQ ) 

so that ^o(^i) = 0 and 0(x, ti) obeys the MOC t<;(^, 0+) = oj{^) with oj{^) defined by (|4.ip . In a similar 
manner as proving we can also show that 

+ Dx^ei^jt) + 2ea;^^(^) < 0, (5-8) 

for all ti < t < oo and all ^ > 0, where ^x,e{^A) is given by ()4.13p and Dx^e{^,t) is given by p4.12l) 
with ^ in the second integral replaced by oo. Note that compared with the proof of (14.91) . we have 
C'l = C '2 = ^ and 60 = oOj and the conditions on a, 7 are 


A < mm 


1 Ci(l-/3)2) . r At 1 Cic\l-fi){a-a) 

, 7 < mm < /?At, 


2C2/3’ 32C2 


2 ’ 2(72 


8 C 2 


(5.9) 


Hence, ^5.811 and Proposition 13.21 guarantee that the MOC a;(^) given by (14.11) is preserved by the 
solution 9{x,t) for all t > ti, and in a similar way as deriving (14.2p . we prove that 


sup || 0 (t)||c ./3 < Km{5 ^)(5^ 

iG[Al,oo[ 


(5.10) 


with some fixed d > 0 satisfying (15.4p , and thus we conclude the proof of (ll.25p . 

In particular, if a €]0,1[ and u = 0 in the condition pi.91) . then p5.4p . (15.71) and p5.10p reduce to 

h < A^/{ap), 

where At, 7 , p are fixed positive constants satisfying (|5.56p below, that is, we can choose 


'^ = ^(l-^)^ 7 = ^min{(l-/3)^a,^(l-/3)2} , 


(5.11) 


with some C > 0 depending on Ci,C 2 - By choosing 

"4(1 — a) 


An = 


07 


L°° 


1 

1 — a 


S = 


(l-a) 


ll^oll 


1 

1 — Ct 


Loo 


we see that 


ti < 


C /4(l-a)\T 


1-/3 


07 


and for every /3 g] 1 — a, 1[, we have 


II/,/ Ml (1 “ f I — a 

sup || 6 »(t)||fS, 3 md) < - 

te[ti,oo[ ^ 


a'j 


a'y j 



(5.12) 

/3-1+a 



(5.13) 
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where C > 0 is some constant depending only on d, and thus finish the proof of Proposition 11.31 
Then the remaining work is to show Lemma l5.11 


Proof of Lemma 15.11 Taking advantage of Proposition 13.21 it suffices to prove that for all t > 0 and 

e>o, 

- ^o) + t) + ^o) < 0, (5.14) 

where is given by (I5.ip - (l5.2h and 


D 


t)<Ci f + 2r?, ^o) + - 2r], ^o) - 2w(^, ^o)) 

Jo V 


l‘00 

+ Ci (a;(2r7 + ^,^o) - ^^(2?? - ?,?o) - 2a;(C,Co))- 


V 


dr], 


and 


t) < -77^^x,e(e, t) + C20j{i, ^o) + ^2^ / 

Jr 


^ir],Co), 

-2— 

jjZ 


(5.15) 


(5.16) 


In (j5.14p . if Sjo^C^j^o) or (9^w(^,^o) does not exist, the larger value of the one-sided derivative should 
be taken. 

We divide into several cases to prove (15.140 . according to the values of and 
Case 1: > <^5 0 < ^ < 5. 

Froma;(^,^o) = {1 — f3)Km{6~^)6 + j m{ri~^)dr] — — 6) + PKm{6~^)f, in this case, we 

have 


dio^{f.,f,o) ='yf.o rn{^Q ) (?o - <5) < 7aw(?o )> and d^uj{i,io) = l3Km{5 ), (5.17) 


and 


(^,^ 0 ) > w(0-h,^o) = (1 - ^)Km((5 ^)d + 'y [ m{r] ^)d?7 - 7m(^o ^)(^o - <5) 

Js 

> (1 - l5)Km{5-^)5 + 7?o“'""r(^-i) f -^drj - - S) 

J 5 V 


(5.18) 


= (1 — P)Km{6 ^)5 -|- 
=: 


^ - T"«o‘) (& - «) 


\ — a + a 


and 


io) - w(0-b, io) < w((5, ^ 0 ) - w(0-h, ^ 0 ) = l3Km{6 ^)(5. 
Thus by using (15.5p and (|5.17p . we get 

- < pai iQ. 

According to (15.ip . we obtain 


(5.19) 

(5.20) 


i: 




T f, 


+ 


< 


< 




PO 

-I 


dr^^ifl^io) 


V 

7771(^1 


dr] 




/ 

J £f 


'ym{r] ^) 


«o V 


+ Kf3m{5-^) ^log 0 + 7m(?(7^) (^log + 7?0 "'""^(^(7^) ^l-a+a ^^ 

+ KPm{6~^) (log0 +7rn{^o^) (^log 


(5.21) 
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Thus by using (I5.16p . (I5.19P and (I5.2ip . we find that for k < 

< - C2^KT>x,e(^,i) + ^2 w(^, ^q) ++ 


a 


< - 


C'2/3K-Dx,e(?,i) + <^2/3^771(5 ^2w(0+, ^o) + (Cq + 2)K/3m((5 + 7"i(Co ^C'o 


+ 


1 


a — cj 


<-'^D^^e{i,t) + C2iCQ + 2)0^K^{m{6 <5 + 


+ 


+ 2C'2/3Km((5 ^)a;(0+,^o), 


(5.22) 


where in the third line we also used | ^log 0 < Cq and ^ log ^ < Cq. For the contribution from the 
diffusion term, since the function 07 ( 77 ,^ 0 ) “ <^(0+,Co) is still concave, we infer that 


Dx,e{C,t) < - 2C'ia;(0+,.fo) 


<-2Cia;(0+,Co) | 


77 


-d77 


m - 


/i V 


l+a 


d77 


(5.23) 


< - —a;(0+,Co)"i(? ^), 


a 


and also by (I5.18F 

Dx,e{i,t) < 57n(^"^). 

a 

If ^0 > N5 with € N a suitable constant, we see that 


(5.24) 


1 — a + fj 




1 - (l/AT) 


1—ol-\-g 


1 — a + a 


-i 


1 — OL+a 


> 


1 - 


a—a *^0 ’ 


_ 

■V — rr 


provided that 1 — (1/iV)^ > ^^ 2 -a+a'* ’ ^ ^ thus we may choose 


N := 


2 — (a — a) \ 


a — a 


+ 1 . 


(5.25) 


Thus for the case ^0 > NS, we get 

> (1 - (3)Km{6-^)5 + f ^ 7"^(^o'^)^o 

> (1 - (3)Km{5~^)S + 7 (a - a)m{(o)Co. 

Inserting the above estimate into (I5.24p leads to 

n 2 C'i(1-/3)k /.-u. f.-u 2C'i(a-cj)7 ^ 

Dx,e{^,t) < - m{S )5m{^ )-?tt,(Co )• 

a a 

Hence for ^0 > NS with N satisfying p5.25p . by p5.23p and setting k < so that 

2C'2/3K777((5"^)a;(0+,^o) < ^"i(C^)w(0+, ^ 0 ) < -\Dx,e{i,t), 

2a 4 


(5.26) 


(5.27) 


(5.28) 
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and by collecting (j5.20p . (j5.22l) and (|5.27p . we deduce that 

L.H.S. of (imi) < Km{6-^)6 m{r^) (C 2 (Co + 2) 13^k - 


Ci(l-/3) 


a 


+ 




C2/3(Co + 1) Ci(a-cT) 


K — 


a — cr 


a 


<0, 


where the last inequality is guaranteed as long as /?, k satisfy 

1 Cl Cl (a- ct)2 Ci(1-/3) 


Cl (a — a) 

p < -r -^5 -, K < mm 

2a^ 


AC 2/3 ’ AC2/3a ’ 2 C 2 (Co + 1) /3a ’ C 2 (Co + 2)(3^a j ' 


If ^0 < -^<3 with N satisfying (|5.25p . thanks to 


< m {{N5)-^) N5 < m{5-^)5 < - m{5-^)5, 


a — a 


(5.29) 


(5.30) 


and using p5.28p again, the positive contribution which is treated by (15.201) and (15.221) can further be 
bounded by 


“ '^o)?0 + 


< - V,e(e,t) + K(m(5-^))"<5 ('i^2 + c-2(Co + 2)/32K + 

2 ' \a — a K 


4C2(Co + l)/3 

- 


[a — a] 


For the negative contribution from the diffusion term, from (15.181) and (15.241) . we directly get that by 
letting 7 < 


C’a:,e(^,t) <-—m(^ ^) ((1 -/3 )k m((3 ^)<5-7"i(?o^)?o) 


< - 


2Ci 


a 


(1 - /3)k - 


47 


a — a 


(rn{6 ^)^(5) 


(5.31) 




a 


Hence for ^o ^ -^<3) we have 


L.H.S. of (imp <K{m{6-^))‘^ 6 


4a 


■ p + C 2 (Co + 2) /3 ^k + 


4C2(Co + 1)/3 Ci(1-/3) 


^a — cr 

where the last inequality is ensured if we set 

Ci(l-/3)(a-c7) 

P < -T-;—r:-, < mi n 


(a — aY 


-7' 


2a 


< 0 , 


24a2 


Ci(l-/3) 


6 C2(Co + 2)/32a’4C2/3 j ’ 


7 < min 


(1 —/3)(a —cr) C i{l — (3) {a — aY 

-::-rt, 


(5.32) 


’ 24C2(Co + l)/3a 

Case 2: io > 5^ 6 < ^ < ^o- 

From a;(^, ^ 0 ) = Km((5“^)(5 + 7 — 7 m(^(j~^)^o + 7 m(^(j~^)^ in this case, we have 

^ 0 ) = 7"i'(^o’^)^o’^ (?o - 0 < a7"i(?o"^)> and 55a;(^, ^ 0 ) = 7"i(Co'^), 

and 

1 


w(C,6) > w((5,^o) > Km,((5 ^)5 + 7 ?o 


(?o““+"-5i-“+")-7"^(eo-')(^o-5) 


> Km{6 ^)(3 + 


7 


1 — a + (T 

-1 


— a + (T 

— 1Y (YQ —cr _ ^1 —o+fJY 


mi^o )Co '"(-^o' 


^)-7m(Co )(Co-'3) 


= + i3Km{6 )( 3 , 
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and 

Co) - w(0+, ^o) < w(Co, Co) - w(0+, Co) = 7"i(C(7^)(Co -S)+ (3Km{6~^)6. 

Thus by using (|5.5p . we get 

-%‘^(C,Co)Co(i) < a/07 (?^(Co'^))^Co- 

From the following estimate 


(5.33) 

(5.34) 


i: 


w(r?,Co), _w(C,Co) , 


-drj = 


< 


c 

‘^(CiCo) 

c 

“^(CjCo) 


+ 


V 


-drj + 


Co 


L 


'ym{r] 


-i-) 


Co V 


-dr] 


+ 7"i(Co ) (^log jj + 7C0 ‘"”^(Co ) 

+ 7m(Co'^) (^log 






dr] 


and similarly as obtaining ()5.22p . we find that for 7 < 

f^x,e(C,i)5^w(C,Co) 


< - C'27T'a:,e(C, t) + 2C2'yUj(C, Co)"l(Co ^) + C2 (7"i(Co ^))^ (c log y + 


Co , c 


a — a 


< - 


^T)(C,t) + (7"i(Co ^))^Co +2C2(3jKm{6 ^)(5m(Co ^) + 2C'27m(Co ^)w(0+, Co), 

(5.35) 

where Cq > 0 is the constant such that ^ log ^ < Cq. For the contribution from the diffusion term, 
we also have (j5.23l) and P5.24F If Co > NS with N gN defined by p5.25p . by using p5.26p and setting 
7 < 4 ^^, we deduce that 


L.H.S. of p5.14p < Km{6 ) I 2 ( 72/37 — 


Ci(l-/3) 


a 


+ 


+ 7m(Co ^)Com(C ^)(^pa + 


C 2 (Co + 3),, Ci(a-u) ' 


a — a a 

where the last inequality is guaranteed as long as 

1 Cl Ci(l-/ 3 ) Ci{a-af 


Ci{a — a) 

p< - ^2 -’ 7 <nim 


4(72’4(72®’ 2C2Pa ’ 2C2(Co + 3)a/ ‘ 

If Co < N6 with N satisfying (j5.25p . by applying (j5.30p and setting 7 < 4 ^^, the positive contribution 
treated by (15.341) and (15.351) can further be bounded as 

- %^^(C, Co)4(f) + IIx,e(C, Co) 

C2 (Co + 3) 


< - + ^^m{6 ^)(5m(Co ^) fpa + 

^ Ou (T y 


a — a 


-7 


For the negative contribution from the diffusion term, by arguing as p5.31l) we obtain that for 7 < 

(l-/3)(o-fT) 

8 

Dx,e{^,t) < m(C"^) ({I- P)Km{d~^)S -^^m((5"^)5^ 

a \ a — a J 

47 


< -- 


-m(C ^)m{5 ^)5. 


a a — a 
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Hence for < N6 with N given by (j5.25p . we have 

L.H.S. of (imi) < -^^m(6-^)6m(r^) ( pa + 
a — a 


a — a a 


(l — /3)(a — a) 1 Ci(a — a) 

-o-■ 


4C2’2C2(Co + 3)a 


(5.37) 


where the last inequality is ensured if we set 
Ci(a -a) . 

P< 2a2 ’ 7<mm 

Case 3 : > < 5 , ^ > Co¬ 
in this case, from a;(C,Co) = i<-'m{5~^)5 + 7 m{ri~^)dp, we see that = 0 ) = 

7 m(C~^), and 

7 m(??“^) 




< 




c 




77 


-d^ 


+ 7 r-"m(r') 


c 


1 .7 /‘^(C,Co) , 7 

—dr? < -;-+-m(C ) 


V 


1 + 0 —CT 


C 


a — a 


Thus thanks to ()5.16p . we get 

^^a:,e(C,i)9^‘^(C,Co) < -C'27^x,e(C,i) + <^2 f2a;(C,Co) H-(5.38) 

\ a — a J 

For the contribution from the diffusion term, since u7(2?7 + C,Co) ~w(2r7~C)Co) < w(2C)Co) < 2w(C,Co)j 
by estimating as (I5.23P we obtain 


Dt 


,{x, t) < Cl (w(2C, Co) - 2a;(C, Co)) 


—^d7 < — (a;(2C,Co) - 2a;(C,Co))m(C ^). (5.39) 

7? a 


Observing that 

‘^(2C, Co) - w(C, Co) = 7 y m(p-^)dp < 7C“"''"i(C"^) J 


ci 1 91 “"+°' — 1 

' -^dr7<---—7"i(C“^)C, 

^ 7 ?"° l_Q._)_cr 


and 


fi fi 1 tl-o+(T _ rl-a+cr 

(C,Co) > 7 / r7T,(r7"^)d7 > 7C““'""i(C"^) / > 7C"“'^"7(C“^)- 

^(5 J S V 


I — a + a 


thus if C satisfies that C > ^ , equivalently, C^ > (2 — 2" ") C^ 

find 


we 


or(C,Co)>:^-^^ 7 m(C-^)C = 2 

1 — a + fj 


- - -^7"i(C ^)C>c7"i(C ^)C, (5-40) 

1 — (a — fj) 


and 


and 


ol —O + CT 1 

a;(2C, Co) - a;(C, Co) < ^ ^(C, Co) = 2-"+"a;(C, Co), 

w(2C,Co) - 2w(C,Co) < - (1 - 2-"+") w(C,Co) < -^^^^a;(C,Co), 


(5.41) 


1 

with c defined by (I4.20p . Hence if C ^ ^ , and by gathering the above estimates and 

setting 7 < we deduce that 

^2a;,e(C,i)9^w(C,Co) < -;^-Dx,e(C, i) + VT^^^7+'(C, Co)l«(C“^), 

2 c{a — cr) 
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and 

and 

where the last inequality is ensured if we set 

7 < min 




3C, 


c(q! — ct) ' 2a 

1 C'ic^(a — fj)^ 
2C*2 6C*2Ck 


(5.42) 


On the other hand, if ^ satisfies that ^ < 6 ^ ^ since u}{C,Co) — ‘ 3 j( 0 +,^o) is concave and 

a;( 0 +,^o) > (1 — /3)Km{6~^)5, we get 


Dx,e{i,t) < -2w(0+,^o) 


™ “(’'■‘id, < 


V 


a 


(5.43) 


and by using "■'■°' — < <5^ infer that 


m(r')? < r-"m(ri)ei-“+" < < 




1 


m{6 ^)(5, 


20 O- _ 1 _ fj'j 


and 


< Km{6 ^)(5 + 7(5“ '^m(<5 ^) f -^drj 

J s V 

^ -5"-‘"m((5“^)(^^“"+‘"-(5^"“+^) 


< Kmib ^)5 + 

1 — a + u 

2a-c('2l-o+o _ 


(5.44) 


< K + 


1 - a + a 2"-''^ - 1 


7 m(J ^)(5 < ( K + 


27 


c(a — cr) 


m((5 ^)(5, 


where c is given by (j4.20ji and we also used sup^-gjo^] < 1. Hence if ^ < h 
collecting the above results and letting 7 < min | 2 ^) ^|j obtain 

^x,e{^,t)d^U}{^,^o) < —-^Dx e{C,t) + (^27 + —- - -- + —- 

2 \ c{a — a) c[a — ay 


\ \ l — OL-\-a 


by 


^o ) n^rn{8 ^)m{i ^), 


and thus 

nx,e{iy)diUj{i,io) + Dx,e{iy) < 
where the last inequality is ensured by setting 


87 1 — /3 


7 < min 


c{a — ay a 
c(l — /3)(a — ay 1 


hi6m{6 ^)m{^ 


8a ’ 2 C 2 ’ 

Case 4: 0 < ,^o < <5? 0 < .^ < ^o- 

In this case w(^,^o) = (1 — l3)Km{5~y5 ^~^+ l3nm{5~^)5^~^^Q~^^, and thus 

= ^(1 -/3)Km((5“^) and (9^a;(C, ?o) =/3Km((5"^) 


(5.45) 


and 


w(^,^o) > w(0+,^o) > (1 -/3)Km('5 ^)5^ ^^0’ 
w(^,^o) < w((5,^o) < Km{5~y5^~f^i^. 


(5.46) 
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Taking advantage of the following estimates 

rn{C^), and rn{C^), 


(5.47) 


we deduce 


< P/3(l - l3)Km{6 

< pf3{l — /3)Km{d~^) 


^0 


^0 


1 -/: 


1 -/: 




■^0 




m(^ 




(5.48) 


and 


C 2 


( r \ l+a—a—jS / t\ o—IT 

V^y 

< pj3{l - j3)Km{6~^)^om{^~^), 


1—/3—a+(j 


- -Px,e(g, ^o) < -C2I3k — j T»a:,e(^T) < -C'2/3KT>a:,e(^T)- 

In view of the integration by parts and (|5.2I) . we see that 


i: 


w(^,^o) 




-dp = 




+ 


i: 




dp 


< 


< 


finm{6 ^)5^ ^ 7°°/3Km((5 ^)(5^ ^ 77 ^ ^ 




+ 


dry + 


/•OC 

7 ^0 


-dry 


^0 


1-/3 


eo\ , /3 


+ (5Km{5 ^) ( — ( ^OS -y M- ■^nm{5 ^) ( 7 - 


U 1-/3 


Co 


1-/3 


then gathering the above estimates and (|5.16p leads to that for k < ^ 


2C2/3’ 


llx,e(CT)9gw(C,Co) < - C'2/3KT>a;,e(C,t) + 2C'2/3Km((5 


- 1 ^ 


Co 


1-/3 


i<^(C)Co) 




(5.49) 


1 


^ ——Dx,ei^,t) d-C 2/3 (^Km{6 ^)) ( Co ( 2 + 6 * 0/3 + 


J \ 2(1-/3) 


/3 


1-/3 


where in the third line we used ^ < 1 and ^ ^log^^ < Cq. For the contribution from the diffusion 
term, by arguing as (|5.24l) . we obtain 

2(l-/3)Ci 


D. 


,,e(C,t) < -2Cia;(0+,eo) 


00 ^ 1 


m{p 


-dry < — - 


-Km{5 


Co 


ry a 

Collecting the estimates (|5.48l) . (15.490 and (|5.50l) . and using (15.471) again, we find that 
L.H.S. of (imi) 


Com(r')- (5.50) 


< Km{5 


-l^ 


Co 


1-/3 


Com(C ) 7^(1-^) + 


C 2 / 3(2 + Co/3)rc / ^ \ 5 \ i-/5-«+- Ci(l-/3)' 


1-/3 


Co 


Co 


a 


<nm(S )(^-j - « +--^-j. 
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which leads to the desired inequality ()5.14p as long as p, k are such that 


P< 


Cl 

2a/3’ 


K < nun 


1 Ciil-/3f 


2C2/?’2C2(2 + Co/3)/3a 


Case 5: 0 < .^o < <5, 

Similarly as obtaining (I4.14h . we have that by setting k < and 7 < k, 

For the contribution from the diffusion term, if ^0 < |) then by arguing as (14.161) we find 

/.i 

D^^e{C,t)<CiUj''{^) pm{p~^)dp 

Jo 

A 

/ pm{p~^)dp 


(5.51) 


(5.52) 


< -( 


< -CiP{1-P)k ' 7yi-“+^dr/ 


(5.53) 


< -CiP{1-(3)k (m(J-^))^(5^+"-'"-^e^ 


3-2 


2 — a + a 


2 —Q+fT ^ 2 —a+CT^ 


< - 


CllJ{l /3 )k ^l_^_a-a-P^P-a+cT 


Thus for ^0 < 4 , we get that by letting k < ^^}g 2 C 2 ’ 


Sd, 




3 C 2 Ci(1-/3)' 


K — 


64 


< jJn {m{5 ^)) 5 


— 12 ^l-|-a—(7—/3^/3—a+(7 f ^^2 _ f^l(l- P) 


1-/3 


K — 


64 


< 0. 


Whereas if > 1) by using (I5.15F the concavity property of io{p,^o) — a;(0+,^o) for r/ > 0 and (15.471) . 


we get 
D 


«,t)<-GM 0 +,&)r^d, 


< - 


< - 


2Ci(l -/3)Km(5-i)<5i-^eo 


0 


a 


m{^ 


(5.54) 


2 qi 2 oi 


Thus combining this estimate with fl5.52D yields that 

0,,e(^, t)d^i0{^, eo) + 2D..e(^, t)<K (m(5-i))' < 0’ 

where the last inequality is ensured by setting k < — QC 2 P ‘ blotice that in this case the conditions 

1 Cli(l -^)2 


on K and 7 are 


K < mm 


2 C 2 ’ 192(72 


, 7 < K. 


(5.55) 


Case 6: 0 < ^0 < <3, > <3. 
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The proof of this case is almost the same as the proof of Case 2 in Section [H and we omit the 
details. Note that the conditions on k, 7 are given by (I5.9[) . 

Therefore, for the MOC w(^,^o) defined by (I5.ip - (l5.2p and ^0 = ^o(^) defined by (|5.5I) with p,K,j 
are appropriate constants satisfying (15.9p . (j5.29l) . ()5.32|] . (|5.36p . (j5.37l) . (15.421) . (|5.5ip . ()5.55l) . we justify 
(j5.14p for all ^ > 0 and t > 0 based on the above analysis, and thus conclude Lemma l5.II Observing 
that by suppressing the dependence on the constants Ci, C 2 , c and Cq, the conditions on p,K,'y are 
as follows 


P< 


1 (1 - /3)(a - a) 


C 




n < ^(1 - /3)^ 7 < min {/^(l - Pf, (1 - Pf{a - a)} 


C 


(5.56) 


with C > 0 some constant independent of a, a, p. 


□ 


6. Proof of Theorems 11.4111.51 and 11.71 

6.1. Proof of Theorem 11.41 eventual regularity of vanishing viscosity solution. Consider 
the following approximate system 

atr + • vr + Tr - = 0 , u^ = p(r), 0^|t=o = (6 -i) 

where divu^ = 0 , P is composed of zero-order pseudo-differential operators defined by ( 11 . 211 . Ir^/^ is 
the indicator function on the ball Hi/e, <pe{x) = e~'^cj){e~^x), and p G is a radial test function 

satisfying = 1- Since 00 E we have ||0 oIIl2 < II^'o||l 2 , and ||0 oIIh» < 6 ,s ||0o||l 2 for every 

s > 0. For e > 0 and s>d/2-|-l, we have the following lemma concerning the global well-posedness 
for the approximate system (j 6 .ip . 


Lemma 6.1. For every e > 0, the Cauchy problem of the approximate drift-diffusion equation dH]) 
admits a uniquely global smooth solution 6^{x,t) such that 

9^ G C([ 0 , oo[; n C°°(] 0 , oo[xM'^), with s >4/2 + 1 . 


The proof of this lemma is more or less standard, and one can refer to |29l Theorem 1.4] (at a = 2 
case) for the use of the nonlocal maximum principle method, and we omit the details here. 

Since is divergence-free, we can also show the uniform-in-e energy estimate. By taking the 
L^-inner product of the equation (16.ip with 0*^, and using the integration by parts, we have 

~P«‘mh++ = ( 6 . 2 ) 

Since the symbol of C satisfies A(C) > 0 from ()1.13p and () 1 . 2 ip . we see that 


(£ 0 ^)(x, t) 0 '^(x, t)dx = / ^(C)| 0 ’^(CT)PdC > 0 . 


(6.3) 


Inserting (16.3p into ([ 62 ]) leads to ^|| 0 ^(t)||i 2 < 0 , which by integrating in time implies 

I|0^WIIl2 < ||0^||r2 < ||0o||r 2, vt>0. 

By applying Lemma 12.31 we also obtain 

[ {C9^)ix,t)e^{x,t)dx>c-^ [ \cr-^\Hc,t)\^dc-c [ |0^(C,t)l'dC 

jR'i jRd Jw.d' 

>c-^\o%^-c\m\l2. 

Plugging this estimate into (j6.2p . and using (|6.4p . we find 

|rwiii2 + §r(t)ii^_ < 2 C|| 0 oiii 2 , 


(6.4) 


(6.5) 
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which ensures that for every T > 0, 

sup \WHml, + ^ r ||9'(i)||2 d( < (1 + 2CT)mh. (6.6) 

te[o,r] Jo 

Next based on the uniform estimate, we can use the De Giorgi’s method to show the L°°- 
improvement, that is, for any fixed to > 0 and every T > to, there is a constant (7* > 0 independent 
of e and T so that 

sup ||r(t)|Uoo < CJ i + C ) (1 + 2CT)-2\\9oh2, (6.7) 

t&[to,T] Vo J 

with C > 0 the constant appearing in (|6.6I) . The proof is similar to that of [H Corollary 4] or |13l 
Theorem 2.1], and here we sketch the main process in obtaining (16.7p . Since the operator L defined 
by (|1.3p has nonnegative kernel K, by arguing as obtaining a corresponding inequality for fractional 
Laplacian operator in [T4], we have that for every convex function -0, 

V{e^)c{e^)>c{veV- 


We also find for every convex ijj, —> —A(V’(6*'^)). For M > 0 chosen later (cf. (16.121) 1. 
applying the above two inequalities with 

- Mk)+=: 61, := M(1 - 2-"^), k€N, (6.8) 

we obtain the following pointwise inequality from (16. ip . 

dt9l + ■ V9l + €9% - eA9l < 0. (6.9) 

As deriving the energy estimate, we use ()6.5I) to get 

2^ll^fc(^)llL2 + C* + e||V6(fc(t)||^2 < C'||0fc(t)||^2. (6.10) 

Then for a fixed constant to > 0 and every T > to, we denote Tfc := to(l — 2“^), /c € N, and the level 
set of energy as 

Ul:= sup \\9lit)\\l2 + ^ [ \\9l{t)f ^dt. 
t€[Tk,T] Jt!^ H^r- 

For some s G [Tk-i,Tk], we integrating (I6.10p in time between s and t G [Tk,T], and also between s 
and T to find 


2 

C 


\mmh < ms)\\h+f wmwi^dt, and 

J s 

f \m)\\\^<^t<\\9i{s)\\i2+2c fpimlvt, 


which implies < 2||0|(s)||^2 +4(7 ||^fc(t)|P. a-a dt. Taking the mean in s on \Tk_i,Tk], we infer 

H 2 


+ mmhdt. (6.11) 


The inequality ()6.1ip is almost identical with (A.3) of [13], and we can proceed further to obtain 
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Since C/g < (1 + 2 C'T)|| 0 o||^ 2 , by choosing M (according to [371 Lemma 2.6]) to be 

M = {l + 2CTf/^\\eo\\L2 { 2 ^^^ + 


( 6 . 12 ) 


we have \\m.k^aoU^ = 0, which ensures 6'^ < M for all t € [tQ,T]. The same result likewise holds for 
—9^, and thus we conclude (|6.7[) . 

Hence, the uniform estimate (|6.6p and (|6.7I) guarantee that, for some to > 0 and every T > to, up 
to a subsequence 0^ converges weakly (weakly-* in L’^L^ and L°°([to,T] x M'^)) to some function 9 
belonging to 

L°°([0,r];L2(M'^)) nL2([0,r];i7^(M'^)) nL“([to,r] xM'^). (6.13) 

Moreover, by using the compactness argument (e.g. [321 Proposition 6.3]), we can show that 9^ ^ 9 
and u'^ ^ u = V{9) both strongly in L^([0, T]; Lj^q^(]R‘^)). Thus we can pass the weak limit e —> 0 in 
the approximate system (|6.ip to show that 9{x,t) is a global weak solution for the original equation 
(|l.ip - (|1.2p . which satisfies the energy estimate p6.6p and L°°-estimate (|6.7p with 9 in place of 0^. 

Now applying Proposition 11.31 to the approximate equation (16.ip (with 9^{t) := 9^{t + tQ) replacing 
0^(t)) and Patou’s lemma, we get that for every /3 g] 1 — a -|- o', 1[ and every T > to + ti, 


sup \\9{t)\\(jp,^a) < f{\\9o\\L2,to,a,P,(T,d,T), (6.14) 

with ti the time introduced above. Hence, the estimate (|6.14l) yields 

sup \\u{t)\\cfi<C sup \\9{t)\\L2+C sup || 0 (t)||c ,3 

tG[to-\-ti^T] iE[io+ii,T’] tG[to-\-ti,T] 

< Cf{\\9o\\L2,to,a,P,a,d,T), 


which together with Lemma ItHI implies the C^^^-regularity of 9{x,t) for all t G]to + ^ 1 ) 7 ’]- 

Besides, if a €]0,1[ and o' = 0 in the condition (11.91) . i.e. m{y) = Coly]", Vy 7 ^ 0, from (12.lip , we 
have that there is no term — 1 | 0'^|||2 in (|6.5I) and the constant C in the R.H.S. of (| 6 . 6 I) . (16.71) and (| 6 . 12 l) 
can be replaced with the constant 0, which guarantees T in (I6.13l) - (l6.14p can be chosen to be 00 . Next 
by choosing /3 = 1 — we see that 7 = fy, and (|5.12l) just reduces to 




a 


a'^ 


ll^(to)|lI 


L°“ 1 


(6.15) 


moreover dEH) becomes 

/ (-irydia \ 

|| 0 (to)||L-< II^oIIlT (6.16) 

which combining with (j6.15p leads to (ll.26|) . Thus we finish the proof of Theorem 11.41 


6.2. Proof of Theorem 11.51 In this subsection, let 9 € C'([0, r*[; n T*[xM'^) be the 

maximal lifespan solution for the drift-diffusion equation (|l.ip - (ll.2p . According to Theorem 17.11 the 
maximal existence time T* satishes T* > Ti with Ti given by (j7.9l) . Since ||0o||H“(R'i) ^ see that 

T*>Ti> 1/{2CR), (6.17) 

with C = C{d) >0 the constant appearing in (I7.9p . 

Next, by setting a small enough, we show that the eventual regularity time ti obtained similarly 
as obtained in Proposition 11.31 is smaller than the above Ti. From (|5.7p . we assume ^o(O) = Aq < ^ 
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with no loss of generality. Analogous with (|5.ip - ()5.2p . we consider the following family of moduli of 
continuity that for S](5, Aq], 

(1 — + 7 — <5) + for 0 < ^ < <5, 




Km{6 ^)(5 + 7//°m(7 ^)d7 - 7771(^0 + 7"i(^o 

Km{6~^)6 + 7 m{ri~^)dr], 

.w(co,Co), 


and for ^0 < <5, 


for (5 < ^ < ^ 0 , 
for Co < ^ < Co, 
for C > Co, 

(6.18) 


(1 - /3)Am((5-i)<5i-^Co + PKm{5-^)5^-f^Co~^C, 

Km{6~^)6 + 7 // m{r]~^) drj, 

,'^(co,Co), 


for 0 < C < Co, 
for Co < C < 
for (5 < C < Co 
for C > Co, 


(6.19) 


where /3 e](t, 1 [, and k,^,6 are appropriate positive constants, and Co = Co(^) is given by (15.51) . 
Recalling that Bq defined by (14.101) is the bound of ||0(-,t)||L°° appearing in Lemma \2^ and thanks 
to a = 1 and m(AQ ^)Ag“‘^ > m{cQ^)cQ~^ =; cq, the condition (|5.4I) with Bq in place of ||0 o||l°° holds 
true provided that 

^^"^^^-co(A^-J-)> 2 i?o, ( 6 . 20 ) 


a 


which can further be implied by choosing Ao and 6 as 


An — 


a 


-ABr 


1/0 


5 = 


a 


(1 - cr)7Co 


Be 


1/0 


( 6 . 21 ) 


(1 - o-)7Co 

By using (j 6 . 20 p . we also see that the MOC defined by (j6.18p - (j6.19|) satisfies w(Ao,Co) > ‘^(Ao, 0 +) > 
2Bq for all 0 < Co < Aq, thus we only need to justify the criterion 

- ^o)Co(i) + ^^x,e(C, i)9?w(C, Co) + ^x,e(C, t) + e%to(C, Co) < 0, ( 6 . 22 ) 

for all 0 < Co < Aq, 0 < C < Aq, Aq < with 


Dx,e{^-,t) < diw(C, Co) + Cl 


r 

Jo 


+ 27 , Co) + w(C - 2r], Co) - 2a;(C, Co)) 


m{r] 




-dr] 


/*7l0 t 1 'j 

+ Ci (w(2?7 + C, Co) - w(27 - C, Co) - 2w(C, Co)) —^d??, 


V 


and 


/“C 

^x,ei^,t) < ——YyZla;,e(C, ^) + (^2 + C2)uj{^,^o) + C2^ J 




(6.23) 


(6.24) 


and Cl ,(72 > 0, and C(,C 2 > 0 obeying the same convection stated after (|4.13p . By arguing as 
Proposition 11.31 we indeed can prove this issue as long as that p, k, 7 are suitable constants satisfying 
(j5.56p (maybe with slightly different C) and Aq defined by (| 6 . 2 ip additionally satisfies 

(e.25) 

We will present the different points compared with the proof of Lemma [5.1l in the end of the subsection. 
Taking advantage of m(A(j"^)Ag“‘^ > cq := m{cQ^)cQ~^ again, (15.7p is ensured if we have 

1 —<7 


Aq < min ■ 


ll —(T 


ti < 


1 


(l-cr)pco (1 - a)pco V(1 - cr)7Co 


4itBo 


(6.26) 
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According to ()5.56l) . we find that the conditions on /o, 7 are 

0 < p < 0 < 7 < ^ min {(1 - /3)3(1 - a),/3(l - Hf] , 

with (3 €](T, 1[ and C > 0 some constant depending on Ci,02,02- Due to that a is sufficiently 
small, we choose /? = and <t < i, and p, 7 to be fixed positive constants (depending only on d). 
Noticing that for a = 1, cr > 0 small enough, the bound of ||^(•,^)||L°° considered in Lemma 12.41 is 
max{C'(i|| 0 o||L 2 , ||0o||l°°} which does not dependent on a, we infer that ()6.25p holds provided that 


where we have assumed 2 b&C' — ^ without loss of generality. Thus by using ||^o||L 2 nL°° < R, Bq < CdR 
and 1 — a > (j6.26p becomes 


ti < 


eCd 


aR 


2pco V 7 C 0 

and (j6.25p is guaranteed if the following inequality holds 


(5A, 

V 7 C 0 


aR 1 < Ao- 


(6.28) 


(6.29) 


Hence, in order to let ti < (2CR\ and ()6.29p be satisfied, we need 


a < min 


7C0 / p^\ 1 -^ 1 7 cpAg 1 I 

6Cd\3Cj 6Cd i?J’ 


and by assuming < 1 and i? > 1 without loss of generality, it suffices to choose a small enough 
3C 

such that 


a < min 


7 cq ^ P cq y 1 A^ycp 1 ll ^ 

QCdKscJ R^O 6Q 


For such a small number a, we have ti < Ti, and thus by virtue of (15.141) . we obtain that the solution 
9{x,t) is ^-Holder continuous for all t € [ti,T*[, which in combination with the blowup criterion (j7.2|) 
implies T* = 00 . This concludes Theorem 11.51 

Finally, we state the different points of proving (j6.22p in the considered cases, compared to that of 
Lemma 15.11 

Case 1: <5 < ^0 < 0 < .^ < <5. 

Since drfio{r],^Q) = 0 for all p > cq, we can prove the estimates analogous to (I5.21|) and (I5.22|) with 
C 2 + C '2 in place of 6 * 2 . For the contribution from the diffusion term, we have (noting that a = 1) 


- 2CMO+,^o) 

< C(a;(C,Co) - 2Ciu;(0+,eo) (0 m ^dp 

< C[ (a;(0+, ^o) + l3Km{6~^)S) - ^aj{0+, 

< C[l3Km{5~^)5 - ^a;(0+, ^o)m{C^), 
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. Since 


1 40^^ f 

where in the last line we used rn{AQ ) > or a stronger condition Aq < ( 3 ^) 

a;(0+,^o) > ^^o,s by (I5.18D . thus if ^0 < A[6 with G N defined by (|5.25|1 . in view of (|5.26p . we get 


< C[/3Km{6 ^)5 - ^ 




-I'l 


Ci(1-/3)a , ,, 






where in the second line we used ^0 < sCp ) ’ whereas if ^0 < N6, by virtue of (j5.3ip . we see 

that by setting 7 < 

DxAC^t) < C[/3Km{6~'^)6 - ^ ((1 - (3)Km{5~^)6 - -/miA^Ao) m{C^) 


< - 




where we also used Aq < ^ ^s^c'p ) ^ ’ 'b'hus under the conditions (|5.29p . (15.321) (up to some pure 

numbers and C 2 replaced by C 2 + C^), we show that (I6.22p holds in this case. 

Case 2 : 5 < ^0 ^ ^ ^ ^o- 

The different points are quite similar to those stated in Case 1 above, and under the (slightly 
modified) conditions p5.36p and p5.37p . we can show p6.22l) in this case. 

Case 3: 5 < ^0 ^ Co < C ^ ^o- 

We also obtain p5.38p with C 2 replaced by C 2 + C 2 . For DxA^A)^ similarly as p5.39p and p6.30p . 
we have 

^x,e(C, t) < C'M(, Co) + Cl (u;( 2 C, Co) - 2 u;(C, Co)) 

' JL 11 

< C(a;(C,Co) + ^(w(2C,Co) - 2u;(C, Co))ru(C-^), 

thus if c > <5 ( 2i-i_i ) ) by using p5.4ip , we get 

DxA^,t) < C'MLA) - ^^^^^^u;(C,Co)m(C-') < " ^) ^(c,Co)m(C-^), 

8 lb 

where in the last inequality we used ^0 < ^ C < arguing as p5.43p 

and p6.3np . and using p5.44p . we find 

DxAC,t) < C'MCAo) - "'^°^’^°^ m(C-^) 

< c( (k + m{6-^)6m{C^) 

where in the last line we used 7 < k and Aq < ^ , The remaining proof is similar to 

that of Case 3 in Section [5l and (16.220 holds in this case under (slightly modified) (I5.42p and ^5.451) . 
Case 4: 0 < Co ^ 0 < C ^ Co- 
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We also have (|5.49p with C 2 replaced by C 2 + C 2 . In a similar treatment as (|5.50p and (|6.30p . we 
infer 

Dx^eix,t) < C[u{C,Co) - < -^a;(0+,^o)ni(C"^), 

1 

where in the last inequality we used (|5.46l) and Aq < {Ci/ . Thus we can obtain p6.22p in 
this case under (slightly modified) (15.511) . 

Case 5: 0 < ^0 < ^0 < ? < 

We also have (I5.52p with C 2 replaced by (72 + C*^. If < 45 (|5.53p and (I5.47P lead to 
Dx,e{^A) < C[u{C,^o) - 

where in the last line we used ^40 < ^^ ’ whereas if ^0 > by arguing as (15.541) and (I6.30p . 

we obtain 

Dx,e{i^t) < - ^w(o+,eo)m(r^) 

1 

where the last inequality is deduced from using Aq < ^ ^ ^ . Thus we can similarly obtain 

P6.22I) in this case under (slightly modified) (15.551) . 

Case 6: 0 < ^0 < ^ < ^o- 

The proof is almost the same as that of Case 2 in Section S] by only setting 69 = ^O) and the 
condition on Aq is expressed by (14.220 with a = 1 . 

Therefore, gathering the above results concludes (16.221) and thus Theorem 11.51 


6.3. Proof of Theorem 11.71 global regularity of weak solution in the logarithmically su¬ 
percritical case. Considering the e-regularized equation p6.1l) . by virtue of Lemma l6.ll there is a 
uniquely global smooth solution 9'^{x,t) to the system p6.ip so that 

r G (7([0, oo[; F"(M'^)) n (7°°(]0, oo[xM'^), with s > d/2 + 1. 


According to Lemma 12.41 we have the uniform-in-e L°°-estimate sup^>g ||d'^(t)|| 2 ,oo < Bq with Bq 
defined by (|4.1Up in both cases, and the uniform energy estimate ||d'^(t)||L2 < UdollL^j Vt > 0 if Case 
(II) is considered. 

According to Proposition 11.31 and Theorem 11.51 the evolution 9‘'{x,t) uniformly-in-e preserves the 
MOC cu(^,^o) defined by p6.18p - p6.19p with ^0 = Co{t) given by ^5.51) and p,K,'j > 0 fixed constants 
satisfying p5.56p . as long as Aq = ^o(O) > ^ simultaneously satisfies t(j(0+, Aq) > 2Bq and 


Aq < min 


/ < 7 ic ^ (1 - / 3)(1 - cf) 

V 64C( 





(6.31) 


with Ci,C'i some constants ((7( = 0 if Case (I) is considered). 
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From ()5.ip , without loss of generality assuming ^40 < C2 (with C2 appearing in (I1.27P ), we see that 
a;(0+, Ao) = (1 - l3)Km{6~^)6 + 7 / - 7771(^0 ^)(^o - 

7 /■^° 1 

> — / -71-Tnudr/ - 7 

C 2 J& 7(log7 r 


> 


7 P 1 ^ 

— / — 7 

C2 71 r/Plogr/j^* 

^0 


(6.32) 


> 


(logi) 


C2(i-ri) 

(log log I - log log -7, 
In order to let w(0+, Aq) > 2Bq, if /r E [0,1[, we need 


if /I E [0,1[, 
if /i = 1. 


log-> 


+^^7^{2B„ + 7) 


and from the inequality (a + b) 1-^ < + 61-^*) for a, 6 > 0, it suffices to choose 6 as 




d = exp 

whereas if /r = 1, it suffices to set 5 as 




(6.33) 


that is, 


log log j = log log ^ — (3^0 + 7), 

6 Ao 7 


(6.34) 


From (j5.56p . the conditions on p, k ,7 > 0 are 

p< ^{1-/3){l-a), k<^(1-/3)^ 7 < ^min{/3(l-/3)^(1-/3)^(1-a)} , 


with C > 0 the suitable constant depending only on d and ci. Since we may let a, f3 small enough, we 
assume a E]0, |[ and (3 e](T, |[, and thus we can set p = ^, a = ^ and 7 = ^ with some pure number 
C > 0. Thanks to pS.Tp . pi.27p and pS.lOp . we find that the eventual regularity time ti satisfies 


h < 


1 


^ < 2C'7lo(log7lo^)'^ < 2C'C^aI ^ < 2C'Co4, 


(l-o-)pm(.4Q ) 
and for every j3 e](T, 1[, 


(6.35) 


sup \\ 6 ^{t)\\^i 3 ,^d) < nrn{5 ^)5^ ^ < C 2 k 6 

tG[ii ,oo[ 


-/3 


C2 A 
C ^0 


exp (^/3C^ ( 3C72 (i-m)Bo ^ 


1 /( 1 -/^) 


if p E [0,1[, 
if p = 1, 


(6.36) 


where the condition on Aq is as follows (from (j6.3ip and p6.27p l 

.72 

0 < ^0 < Riin 


( y 2 z. 


-1 


V256C'{y 


) o ’^2 
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Now for any > 0, by virtue of (|6.35p . we also need satisfies that 2C'CoAq < y, i.e. Aq < 


(6.37) 


4C'*Go ) ’ each a g] 0, |[ and j3 €]a, ^[, we can choose to be 


Aq = min 


V256C(y 


C(T —1 

XT) ^2 , 


4C7'Co, 


so that the uniform-in-e Holder estimate (j6.36l) holds true. According to Lemma [2.5l and the Calderon- 
Zygmund theorem, we can further show the uniform bound of sup^gj^^ k & N 

and ly G [0,1[. Since t* > 0 is arbitrarily given, such a uniform bound ensures that we can pass to 
the limit e —?> 0 in the approximate equation (jb.lh to obtain a weak solution 9 of the original equation 
(jl.ip - (jl.2l) . which satisfies 9 € oo[; C'°°(M‘^)) and also 9 G oo[xM'^). Thus we conclude 

Theorem Ol 


7. Appendix: logal well-posedness result 

Proposition 7.1. Assume that 9 q G s > 1 + and either Case (I) (cf. (jl.l9p ) or Case (II) 

(cf. (jl.20p ) is considered. Then there exists a time T > 0 depending only on ||0o||/i» and dimension d 
such that the drift-diffusion equation (inp-doi) admits a uniquely local smooth solution 9{x,t), which 
satisfies 

9 G C([0,T[;H"(M'^)) nL2([0,r[;H"+'^(M'^)) nC°°(]0,r[xM'^). (7.1) 

Moreover, let T* be the maximal existence time of the solution satisfying (dD, then we necessarily 
get that 

if T <i oo => ll^llL°°([o,r*[;C''®(R‘^)) ~ V/3 g]1 — a + IT, 1[. (7-2) 

Before proving this local result, we introduce the definition of Besov spaces. First one can choose 
two nonnegative radial functions XiT ^ C'“(M'^) (cf. [2]) be supported respectively in the ball {C G 
: ICI < |} and the shell {C £ | < |CI < §} such that x(C) + X]g>o = 1) € M'^. For 

all / G iS'(]R'^), we define the nonhomogeneous Littlewood-Paley operators as 

A_i/ := x{D)f- AJ := gy{2-iD)f, Vg G N. 

Then for (p, r) G [l,oo]^, s G M, the nonhomogeneous Besov space is denoted by 

= Bl, := {/ G S'{R% ||/b|,, := ||{2''^||A,/||ip},>_i||,. < oo}. 

We point out that 2 = for every s G M, and = C® for every s G M \ Z. 

Proof of Theorem |y.7[ We first are concerned with the key a priori estimates, then we sketch the main 
process of the proof. 

Step 1: a priori estimates. 

We assume 9 is already a smooth solution of (|l.lll . For every g G N, by applying Aq to the equation 
(fFT]) , we get 

dtAq9 + U ■ VAq9 + C {Aq9) = Fq, 

with Fg = u - VAq9 — Ag{u-'V9). Multiplying both sides of the above equation with Aq9 {q G N) and 
integrating on the x-variable over lead to 

f4:IIN^WIIl2 + / C{\0){x,t) Aq9{x,t)dx 
z at jRd 

= - [ (div u)(x, t) IAg0(x, t)pdx + f Fq{x,t) Aq9{x,t)dx. 

2 jRd jRd 


(7.3) 
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By virtue of (|1.13p and the fact K >0, we see that the symbol of C, denoted by ^(C), is nonnegative, 
thus the diffusion term satisfies 


/:{Aq9){x) AqB{x)dx = f ^(C)|^P(C)ciC>0. 

: jRd 


On the other hand, according to (I2.10p which is on the lower bound of ^(C); we also have that for all 
q > Qo with Qq a suitably large number depending on a, a, d, 

[ C{A,6){x) A,6{x)dx = [ A(C)|A70|2(C)dC>C-i2^(“-)||A,0||i,-C||A,0||i, 

jRd 

The first integral on the R.H.S. of (17.31) follows directly from the Holder inequality 

(div u)(x,t) \Aq9{x,t)\'^dx < || divu(t)||i;,oo||Aq0(t)|||2. 


/ 


For the second integral on the right-hand-side of ()7.3p . by using the classical commutator estimate 
(cf. [21 Theorem 3.14]) that for every s > 0, ||F]j||£,2 < Ccg 2“'?® (|| Vttjlioo-|-||V0 ||lcx)) ||0||/^a with 
\\cq \\£2 = 1, we get 


/ 

JR^ 


Fq{x,t)Aq9{x,t)dx < ||Fq(t)||^2||Aq6'(t)||i2 


o j ^ u ^ 11 j. g 11 11 

< Ccq2-<1^ (llVu(t)IU^ + ||V0(t)||i^) \\9{t)\\Hs\\Aq9{t)h2. 
Gathering the above estimates yields 

< II divu||L-||A,0(t)||22 + Ccg2-'^®||A,0(t)||i2 (llVnjlL- + jjVeiUcx,) ||0||j^., 
with l{g>Qg} the standard indicator function. By multiplying both sides of the above inequality with 
2^'?® and summing over q €N, and using the discrete Holder inequality, we obtain 


_d 

dt 




h 




. qSN 


c 


E 22»(*+*?l||A,«(t)||J, 

. i}gN,(j>Qo 


(7.4) 


< 


divullioo E 2=’'ll A,«(i)||=. + C (||V«||1« + II Ve|U«) ||«||«. E 2=’'ll A,«(i)||=. 




ggN 


Now we consider the energy estimate. In a similar way as obtaining (16.2p . we see that 

^4:Pi^^)\\h+ [ d:{0){x,t)9{x,t)dx = ^ [ dwu{x,t)\9{x,t)\‘^dx, 
z at j^d z j^d 

which in combination with (j6.3|) leads to 

d 


dt 


||0(t)||i2<||divn(f)|U^||0(t)||i2. 


(7.5) 


(7.6) 


Due to the equivalence of norms + Il^(t)lli2 ~ gathering (17.41) 

and (j7.6[) . we deduce 

4||9(()||5,. + 4 I E 2 "»'*+‘¥‘)||A,«(«)iii,) <c'(||vu(i)||t» + ||v()(()iii»)i|e(i)|i5,.. ( 7 . 7 ) 


I i}GN,(j>Qo 
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In view of the Sobolev embedding 
theorem, we infer that 




for s > 1 + I and the C alder on-Zygmund 


^I|9(*)IIh. + ^ 


yq&i,q>Qo 


(7.8) 


Denoting by 


z{t? ■■= \\omj,s + 


c 


. (jeN,(}>Qo 


a — a 


)||A,0( 




dr, 


the above inequality implies that ■^Z{t) < CZ{t)‘^. Through a direct computation, for all t such that 


we get 


t < Ti := 


Z{t)< 


1 


cwoqWh^ 


H’> 


l-C\\do\\Hst 
Thanks to the dyadic decomposition, we also obtain 

||0(r)f .-.dr < 


/ 


H‘‘ 


sup Z(r)^ ]t + C'Z(t)^ 

■G[0,t] 


(7.9) 


(7.10) 


(7.11) 


(7.12) 


which is bounded for all t < Ti. 

Step 2: local existence and blowup criterion. 

Now we regularize the equation to obtain 

dtO^+ Jn{Jnu^ ■vjNe^) + jjfC{9^) = 0, u^ = r{e^), e^\t=o = JNeo, 

where Jn : JnL^ for N" G N is the Friedrich projection operator such that JNfiC) = 

/(C)- By the Cauchy-Lipschitz theorem, for every N gN there exists a unique solution 
6 ^ = JnO^ G C'^([0,T)(r[; i7°°(K'^)) to the regularized system (I7.12|) . where T'^ > 0 is the maximal 
existence time such that sup^gjo -j^^j ll^'^(t)||L2 = oo. In a similar way as obtaining ()7.101) - (17. 1 II) . and 


by using the fact || for all iV G N, we get that for every t <Ti = 


_1_ ^ rp^ 

CW&oWh- - 


[ l|0(r)|| 

Jo 


dr < 




i-cwe^Hst 


2 ’ 


(7.13) 


where C = C{a,a,d) is a positive constant independent of N. Based on the uniform-in-estimate 
(j7.13|) . and by arguing as the corresponding part of [311 Proposition 4.1], we can show that 9^ is 
a Cauchy sequence in C([0, Tij; L^(M'^)), which implies that 9^ strongly converges to some function 
9 G C([0,Ti[;L^(M'^)). By a classical deduction, we can prove that 0 belonging to L°°([0, Ti [; 77^(]R‘^))n 
L^([0, Ti[; 77'^'’'*^““'^^/^(M'^)) is indeed a classical solution of (jl.ip . which is the limiting equation of 
(|7.12|) . The uniqueness issue in the L^-framework, the fact 9 G (^([O,Ti[;77®(M'^)) and the smoothing 
effect that G 7y“77^"''(““°')^ for all // > 0 and T g]0,Ti[ can be similarly treated as |3l], and we 
omit the proof. 

Now let T* be the maximal existence time such that 9 G C([0, r*[; 77^) D C°°(]0, T* [xM'^), then we 
first get the natural blowup criterion that if T* < oo, we have sup^gjQ j^tj ll^(^)l|i^® = oo. Moreover, we 
obtain the following criterion that 

rT* 


if T* < oo 


f ||V0(t)||Loo =00. 
Jo 


(7.14) 
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In order to show this criterion, we rely on the logarithmic estimate (e.g. cf. [291 Lemma 2.3]) 

llVnjUoo < c + C||V0|Uo. log (e + ||0 ||hO • (7-15) 

Plugging (|7.15l) into (17.711 . and integrating on the time variable yields 

||6'(i)||Li- < (e+||6'o||/i-)expexp|c't + J ||V6'(T)||Loodr 

which directly implies the criterion ()7.14l) . For the more rehned criterion ()7.2p . it is in fact a conse¬ 
quence of the regularity criterion shown in Lemma 12.51 Indeed, for every T g] 0,T*[ and under the 
condition that 9 G L°°([0, T]; C^), (3 g] 1 — a -f u, 1[, we have u G L°°([0, T]; C^), (3 G]1 — a -|- a, 1[ from 
the C alder on-Zygmund theorem, then according to the proof of Lemma 12.51 we further deduce that 
9 G L°°(]0, T]; 7 > 0, which clearly guarantees supig[o,r*[ < oo and leads to T* = oo. 

□ 
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